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Hyroxwlrqdu| Ohduqlqj lq Vljqdoolqj Jdphv
Kdqv Mßujhq Mdfrevhq/ Prjhqv Mhqvhq/|dqg Elujlwwh Vorwk
Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq
VwxglhvwØgh 9/ GN04788 Frshqkdjhq N/ GHQPDUN
Hpdlo= prjhqv1mhqvhqChfrq1nx1gn
Pdufk 4<<;
Wklv yhuvlrq= Dsulo ;wk/ 4<<<
Devwudfw
Zh vwxg| htxloleulxp vhohfwlrq e| hyroxwlrqdu| ohduqlqj lq prqrwrqh vljqdoolqj
jdphv1 Wkh ohduqlqj surfhvv lv d ghyhorsphqw ri wkdw lqwurgxfhg e| \rxqj iru vwdwlf
jdphv h{whqghg wr ghdo zlwk lqfrpsohwh lqirupdwlrq dqg vhtxhqwldo pryhv> lw wkxv
lqyroyhv vwrfkdvwlf wuhpeohv1 Iru ydqlvklqj wuhpeohv wkh surfhvv jlyhv ulvh wr vwurqj
vhohfwlrq dprqj vhtxhqwldo htxloleuld1 Li wkh jdph kdv vhsdudwlqj htxloleuld/ wkhq lq
wkh orqj uxq rqo| sod| dffruglqj wr d vshflf vhsdudwlqj htxloleulxp/ wkh vr0fdoohg
Uloh| htxloleulxp/ zloo eh revhuyhg iuhtxhqwo|1 Wklv vhohfwlrq lv vwurqjhu wkdq/ dqg
rqo| sduwo| lq dffrugdqfh zlwk/ wudglwlrqdo vhohfwlrq edvhg rq uhvwlfwlrqv rq rxw0ri0
htxloleulxp eholhiv1
41 Lqwurgxfwlrq
Zh ghqh dq hyroxwlrqdu| ohduqlqj surfhvv lq wkh vslulw ri \rxqj +4<<6d, iru prqrwrqh wzr0
w|sh vljqdoolqj jdphv dqg dqdo|}h lw zlwk uhvshfw wr htxloleulxp vhohfwlrq1 Prqrwrqlflw| lv
Wklv sdshu lv d ghyhorsphqw ri Mdfrevhq dqg Vorwk +4<<;,1 Zh duh yhu| judwhixo wr dqrq|prxv uhihuhhv
iru vxjjhvwlrqv iru wkh pdmru jhqhudol}dwlrqv dqg ehwwhu lqwxlwlyh h{sodqdwlrqv frqwdlqhg lq wkh suhvhqw
yhuvlrq1 Zh duh dovr judwhixo wr Mh Ho| iru frpphqwv1
|Prjhqv Mhqvhq wkdqnv Ghsduwphqw ri Hfrqrplfv/ Qruwkzhvwhuq Xqlyhuvlw| iru krvslwdolw| dqg wkh
Gdqlvk Uhvhdufk Dfdghp| iru qdqfldo vxssruw1
d surshuw| ri prvw vljqdoolqj jdphv vwxglhg lq hfrqrplfv1 Rxu uhvxowv duh vwurqjo| lq idyru
ri vhsdudwlqj +vhtxhqwldo, htxloleuld= zkhqhyhu d prqrwrqh vljqdoolqj jdph kdv vhsdudwlqj
htxloleuld/ hyroxwlrqdu| ohduqlqj vhohfwv wkh sduwlfxodu rqh nqrzq dv wkh Uloh| htxloleulxp1
Pdq| lpsruwdqw hfrqrplf vlwxdwlrqv lqyroylqj dv|pphwulf lqirupdwlrq dqg vhtxhqwldo
pryhv duh qdwxudoo| irupdol}hg dv vljqdoolqj jdphv1 Sduwlfxodu jdphv ri lqwhuhvw riwhq kdyh
pdq|/ dqg txdolwdwlyho| yhu| glhuhqw/ vhtxhqwldo ru shuihfw Ed|hvldq htxloleuld1 Wklv kdv
ohg wr uhqhphqwv ri vhtxhqwldo htxloleulxp edvhg rq uhvwulfwlrqv rq rxw0ri0htxloleulxp
eholhiv vxfk dv wkh Lqwxlwlyh Fulwhulrq vxjjhvwhg e| Fkr dqg Nuhsv +4<;:,/ dqg wkh Glylqlw|
frqfhswv ri Edqnv dqg Vreho +4<;:,/ hwf1
Dqrwkhu/ dqg yhu| glhuhqwo| prwlydwhg/ ghylfh iru htxloleulxp vhohfwlrq lv wkh hyroxwlrqdu|
dssurdfk vxjjhvwhg e| Fdqqlqj +4<<5d,/ \rxqj +4<<6d,/ dqg Ndqgrul/ Pdodlwk/ dqg Ure
+4<<6,/ khqfhiruwk NPU1 Iru vwdwlf jdphv ri frpsohwh lqirupdwlrq wkhvh dxwkruv ghqh
hyroxwlrqdu| dqg2ru ohduqlqj surfhvvhv e| dvvxplqj vrph nlqg ri erxqghgo| udwlrqdo ohduq0
lqj ehkdylru dqg vpdoo vwrfkdvwlf glvwxuedqfhv1 Wkh| vkrz wkdw vxfk surfhvvhv qdwxudoo|
wdnh wkh pdwkhpdwlfdo irup ri Pdunry fkdlqv/ dqg wkdw uhvxowv rq vr0fdoohg vwrfkdvwlfdoo|
vwdeoh vwdwhv fdq eh xvhg wr rewdlq vwurqj htxloleulxp vhohfwlrq1 Iru vshflf vwudwhjlf
irup jdphv wkh vhohfwlrq kdv ehhq fkdudfwhul}hg/ h1j1/ iru 2 2 frruglqdwlrq jdphv/ \rxqj
+4<<6d, dqg NPU/ dqg iru wkh Qdvk ghpdqg jdph/ \rxqj +4<<6e,1
Zh ghyhors khuh wkh dssurdfk ri \rxqj +4<<6d, wr vljqdoolqj jdphv/ dqg wkxv vxjjhvw
krz \rxqj*v ghqlwlrq ri d ohduqlqj surfhvv fdq eh h{whqghg wr jdphv zlwk lqfrpsohwh
+dv|pphwulf, lqirupdwlrq dqg vhtxhqwldo pryhv1 Dv \rxqj/ zh hqylvdjh wkdw d jdph/ khuh
d vljqdoolqj jdph/ lv sod|hg uhfxuuhqwo| ehwzhhq wzr srrov ri sod|huv1 Zh dvvxph wkdw wkh
sod|huv nhhs uhfrugv ri sdvw hyhqwv iru hdfk vljqdo vhsdudwho|/ wkdw lv/ wkh vhqghuv krog iru
hdfk srvvleoh vljqdo d uhfrug ri uhvsrqvhv revhuyhg wkh odvw 6 wlphv wkdw sduwlfxodu vljqdo
zdv vhqw/ dqg wkh uhfhlyhuv kdyh iru hdfk srvvleoh vljqdo d uhfrug ri zklfk w|shv vhqw wkh
vljqdo wkh odvw 6 wlphv lw zdv vhqw1 Lq dfwxdo sod| wkh sod|huv fkrrvh ehvw uhvsrqvhv wr
vdpsohv iurp wkhlu uhfrugv h{fhsw iru d wuhpeoh= zlwk d vpdoo suredelolw| wkh| wdnh dq
duelwudu| dfwlrq1
Lq hdfk urxqg d vlqjoh vhqghu0uhfhlyhu sdlu sod|v wkh jdph rqfh1 Wkh vhqghu lv gudzq dw
udqgrp iurp wkh srro ri vhqghuv/ vxfk wkdw wkh vhqghu*v w|sh lv ghwhuplqhg dffruglqj wr
d sulru glvwulexwlrq1 Zh dvvxph wkdw wkh uhfhlyhuv gr qrw nqrz wkh sulru/ dqg wkhuhiruh
uhfhlyhuv fdqqrw xvh wkh sulru zkhq fkrrvlqj d uhvsrqvh wr d vljqdo1 Wkh rqo| lqirupdwlrq
dydlodeoh wr d uhfhlyhu derxw wkh vhqghuv* w|sh lv zkdw lv nhsw lq wkh uhfrugv1 Kdylqj
revhuyhg d vljqdo d uhfhlyhu gudzv d vdpsoh iurp wkh uhfrug frqfhuqlqj wkdw vljqdo dqg
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xvhv wkh uhodwlyh iuhtxhqflhv ri w|shv lq wkh vdpsoh dv eholhi derxw wkh vhqghu*v w|sh1 Wklv
surfhgxuh ohdgv wr zkdw zh fdoo guliw lq lq0htxloleulxp eholhiv1 Li iru d orw ri urxqgv
wkh wzr w|shv ri vhqghuv erwk sod| wkh vdph vljqdo dv ehvw uhvsrqvh/ wkhq wkh uhfhlyhuv*
eholhiv derxw zklfk w|sh vhqw wklv vljqdo/ zloo  xfwxdwh gxh wr wkh udqgrp gudzv ri vhqghuv1
Iurp wlph wr wlph wkh eholhi zloo guliw idu dzd| iurp wkh sulru glvwulexwlrq/ dqg wklv pd|
fkdqjh wkh ehvw uhvsrqvh ri wkh uhfhlyhu diwhu wklv vljqdo/ hyhq wkrxjk wkh vhqghuv glg qrw
fkdqjh wkhlu vwudwhj|1 Guliw lq lq0htxloleulxp eholhiv lv qrw gxh wr wuhpeohv> lw frqfhuqv
eholhiv diwhu vljqdov wkdw duh fxuuhqwo| srvvleoh ehvw uhvsrqvhv iru vhqghuv1 Eholhiv diwhu
rwkhu vljqdov zloo rqo| fkdqjh zkhq wkhvh vljqdov duh sod|hg e| wuhpeoh1 Vxfk fkdqjhv lq
eholhiv zh fdoo guliw lq rxw0ri0htxloleulxp eholhiv1 Lw lv edvlfdoo| wkh frpelqdwlrq ri guliw
lq lq0htxloleulxp dqg lq rxw0ri0htxloleulxp eholhiv wkdw fuhdwhv wkh vwurqj vxssruw iru wkh
Uloh| htxloleulxp wkdw zh rewdlq1
Wkh hyroxwlrqdu| ohduqlqj surfhvv lv vwxglhg iru vljqdoolqj jdphv zlwk wzr srvvleoh w|shv
iru wkh vhqghuv dqg rqh vwuxfwxudo dvvxpswlrq/ Prqrwrqlflw|/ lpsrvhg1 D vljqdoolqj jdph
lv fdoohg prqrwrqh li wkh srvvleoh dfwlrqv ri wkh uhfhlyhuv fdq eh rughuhg vxfk wkdw erwk
ri wzr uhtxluhphqwv duh ixooohg= +l, Vhqghuv gr/ lqghshqghqwo| ri w|sh dqg vljqdo/ suhihu
kljkhu uhvsrqvhv wr orzhu1 +ll, Wkh kljkhu suredelolw| uhfhlyhuv dwwdfk wr d vshflf ri
wkh wzr w|shv/ wkh kljkhu dfwlrqv wkh| suhihu +wkh vshflf w|sh lv fdoohg wkh kljk rqh,1 Dv
vdlg/ prvw vljqdoolqj jdphv vwxglhg lq wkh olwhudwxuh duh lqghhg wzr w|sh/ prqrwrqh jdphv>
wklv lv wuxh/ h1j1/ iru irupdol}dwlrqv ri hqwu| ghwhuuhqfh vlwxdwlrqv/ Plojurp dqg Urehuwv
+4<;5,/ ri mre pdunhw vljqdoolqj vlwxdwlrqv/ Fkr dqg Nuhsv +4<;:,/ ri fuhglw udwlrqlqj ru
lqvxudqfh vlwxdwlrqv/ Khoozlj +4<;:,/ hwf1
Dv lq wkh uhodwhg olwhudwxuh rxu surfhvv wdnhv wkh irup ri d Pdunry fkdlq dqg e| xvlqj
uhvxowv rq vwrfkdvwlfdoo| vwdeoh vwdwhv zh fdq vkrz wkdw iru vpdoo wuhpeolqj suredelolw| d
sduwlfxodu ehkdylru zloo hphujh dv wkh rqo| rqh revhuyhg iuhtxhqwo| lq wkh orqj uxq1
Wkh vljqdoolqj jdphv vwxglhg lq wkh olwhudwxuh xvxdoo| kdyh pdq| vhsdudwlqj vhtxhqwldo
htxloleuld +dqg ehvlgh wkdw dovr vrph srrolqj dqg2ru vhpl0vhsdudwlqj rqhv,1 Rxu pdlq
vhohfwlrq uhvxow lv wkdw iru prqrwrqh vljqdoolqj jdphv/ zkhqhyhu wkhuh duh vhsdudwlqj vh0
txhqwldo htxloleuld/ wkh hyroxwlrqdu| ohduqlqj surfhvv zloo vxssruw wkh sduwlfxodu rqh fdoohg
wkh Uloh| htxloleulxp1 Wkh Uloh| htxloleulxp lv wkh rqh zklfk dprqj doo vhsdudwlqj htxl0
oleuld lv ehvw iru wkh kljk w|sh ri vhqghu +wkh rqh zkhuh wkh kljk w|sh vhsdudwhv dzd| iurp
wkh orz w|sh dw plqlpdo frvw,1
Li wkh jdph kdv qr vhsdudwlqj htxloleulxp/ wkh ehkdylru wkdw hphujhv lq wkh orqj uxq lv
wkdw vhqghuv ri kljk w|sh vhqg d vshflf vljqdo doo wkh wlph/ qdpho| wkh rqh wkdw lv ehvw
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iru d vhqghu ri kljk w|sh zkhq doo vljqdov duh uhvsrqghg wr dv li wkh| fdph iurp wkh orz
w|sh1 Fdoo wklv vljqdo %W
M
1 Wkh orz w|sh zloo vkliw ehwzhhq %W
M
dqg wkh vljqdo %W
u
wkdw lv
ehvw iru d vhqghu ri orz w|sh zkhq doo vljqdov duh uhvsrqghg wr dv li wkh| fdph iurp d orz





Dv zloo dovr eh h{sodlqhg/ li wkhuh lv lqghhg d srrolqj htxloleulxp lq zklfk erwk w|shv ri






,/ wkhq lw pd| zhoo eh wkdw prvw ri wkh wlph erwk w|shv
ri wkh vhqghu zloo sod| %W
M
dffruglqj wr rxu ohduqlqj surfhvv1 Vr/ li wkhuh lv qr vhsdudwlqj
htxloleulxp rxu surfhvv pd| vhohfw lq idyru ri d sduwlfxodu srrolqj vhtxhqwldo htxloleulxp/
exw wklv kdv wr eh rqh zkhuh erwk w|shv ri wkh vhqghu fkrrvh wkh sduwlfxodu vljqdo %W
M
/
zklfk ri frxuvh uhtxluhv wkdw vxfk d srrolqj htxloleulxp h{lvwv1
Lq d uhodwhg sdshu Qøoghnh dqg Vdpxohvrq +4<<:, frqvlghu dq hyroxwlrqdu| surfhvv iru
Vshqfh0w|sh vljqdoolqj jdphv1 Wkhlu surfhvv lv dq h{whqvlrq ri wkh surfhvv iru vwudwhjlf
irup jdphv vwxglhg e| Ndqgrul/ Pdlodwk/ dqg Ure +4<<6,1 Dv zh h{sodlq lq ghwdlo lq
Vxevhfwlrq 616 ehorz/ vxfk d surfhvv grhv qrw jlyh ulvh wr guliw lq lq0htxloleulxp eholhiv/
zklfk lv wkh pdlq uhdvrq zk| rxu uhvxowv glhu iurp wkrvh ri Qøoghnh dqg Vdpxohvrq> zh
jhw vwurqjhu vxssruw iru vhsdudwlqj htxloleuld wkdq wkh| gr1 Fdqqlqj +4<<5e, lv dovr forvho|
uhodwhg wr rxu sdshu zlwk uhvshfw wr wkh ghqlwlrq ri wkh ohduqlqj surfhvv/ exw Fdqqlqj
frqvlghuv d glhuhqw fodvv ri jdphv/ qdpho| vr0fdoohg frpprq lqwhuhvw vljqdoolqj jdphv
+odqjxdjh jdphv,1
Lq Vhfwlrq 5 zh ghvfuleh vljqdoolqj jdphv dqg wkhlu htxloleuld irupdoo| dqg vwdwh wkh dv0
vxpswlrq ri prqrwrqlflw|1 Vhfwlrq 6 ghqhv rxu hyroxwlrqdu| ohduqlqj surfhvv/ dqg glv0
fxvvhv lq Vxevhfwlrq 616 lpsruwdqw dvshfwv ri lw1 Zh dwwhpsw khuh wr jlyh wkh lqwxlwlrq
iru rxu pdlq uhvxow/ dqg ghvfuleh wkh pdmru irufhv gulylqj lw1 Vhfwlrq 7 ghulyhv rxu uhvxowv
irupdoo|/ dqg Vhfwlrq 8 frpsduhv rxu vhohfwlrq wr wkdw rewdlqhg e| uhqhphqw frqfhswv
edvhg rq uhvwulfwlrqv rq rxw0ri0htxloleulxp eholhi/ dqg jlyhv dq h{dpsoh ghprqvwudwlqj wkh
lpsruwdqfh ri wkh prqrwrqlflw| dvvxpswlrq1 Doo surriv duh jlyhq lq Dsshqgl{ E1
51 Vljqdoolqj Jdphv
Vljqdoolqj jdphv/ dv lqwurgxfhg e| Fkr dqg Nuhsv +4<;:,/ duh sod|hg ehwzhhq wzr sod|huv/
wkh vhqghu dqg wkh uhfhlyhu1 Iluvw wkh vhqghu fkrrvhv d vljqdo % 5 f1 Wkh uhfhlyhu revhuyhv
wkh vhqghu*v vljqdo dqg wkhq fkrrvhv dq dfwlrq lq uhvsrqvh @ 5 1 Wkh vhqghu kdv vrph
sulydwh lqirupdwlrq/ d w|sh | 5 iucMj1 Sd|rv ghshqg rq wkh vhqghu*v w|sh/ wkh vljqdo
vhqw/ dqg wkh uhvsrqvh jlyhq> wkh vhqghu*v sd|r lv E|c %c @/ dqg wkh uhfhlyhu*v lv E|c %c @/
erwk duh yrq Qhxpdqq0Prujhqvwhuq xwlolwlhv1 Ilqdoo|/ wkhuh lv d sulru suredelolw| Z 5 ofc d
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iru wkh vhqghu ehlqj ri w|sh M1 Lq wudglwlrqdo htxloleulxp dqdo|vlv Z lv lqwhusuhwhg dv
wkh uhfhlyhu*v vxemhfwlyh suredelolw| dvvhvvphqw ri wkh vhqghu*v w|sh dqg dvvxphg wr eh
frpprq nqrzohgjh dprqj wkh sod|huv1 Iru wkh ohduqlqj surfhvv ghqhg ehorz wkh sulru lv
dq remhfwlyh suredelolw| ghwhuplqlqj wkh dfwxdo w|sh ri wkh vhqghu lq hdfk urxqg1
D +sxuh, vwudwhj| ri wkh vhqghu lv d ixqfwlrq %E/ jlylqj iru hdfk w|sh | ’ ucM/ d vshflf
vljqdo %E| 5 f D vwudwhj| ri wkh uhfhlyhu lv d ixqfwlrq @E/ jlylqj iru hdfk vljqdo % 5 f/
wkh dfwlrq @E% 5 / wkdw wkh uhfhlyhu zloo sod| frqglwlrqdo rq vljqdo % ehlqj revhuyhg1 Wkh
xsgdwhg eholhi ri wkh uhfhlyhu lv d ixqfwlrq >E/ jlylqj iru hdfk vljqdo %/ wkh suredelolw|
>E% 5 dfc o/ wkdw wkh uhfhlyhu dvvljqv wr w|sh M/ frqglwlrqdo rq vljqdo % ehlqj revhuyhg1
Wkh dfwlrqv wkdw jlyh kljkhvw h{shfwhg sd|r iru d uhfhlyhu zkr kdv revhuyhg vljqdo % dqg
krogv eholhi >/ duh dfwlrqv @ wkdw vroyh 4@ @M d>EMc %c @ n E >Euc %c @o1 Fdoo wkh
vhw ri doo vxfk dfwlrqv -E>c %1
D vhtxhqwldo +ru shuihfw Ed|hvldq, htxloleulxp/ VH/ lv dq dvvhvvphqw E>Ec %Ec @E/ vxfk
wkdw/
+d, Wkh vhqghu*v vwudwhj| lv rswlpdo djdlqvw wkh uhfhlyhu*v vwudwhj|1 Iru | ’ ucM/ wkh vljqdo
%E| lv d vroxwlrq wr 4@ %Mf E|c %c @E%/
+e, Wkh uhfhlyhu*v vwudwhj| lv rswlpdo djdlqvw hdfk vljqdo dqg wkh eholhi khog dw wkdw vljqdo1
Iru doo % 5 f/ wkh dfwlrq @E% lv lq -E>E%c %/ dqg
+f, Wkh uhfhlyhu*v eholhiv duh ghulyhg iurp wkh vhqghu*v vwudwhj| e| Ed|hv* uxoh zkhq srvvl0
eoh1 Li wkh htxloleulxp lv vhsdudwlqj/ wkdw lv/ li %Eu ’ %u 9’ %EM ’ %M / wkhq >E%u ’ f/
dqg >E%M ’ / dqg li lw lv srrolqj/ wkdw lv/ li %Eu ’ %EM ’ %
/ wkhq >E% ’ Z1 Wkhuh
duh qr rwkhu uhvwulfwlrqv rq eholhiv1
Wkh iroorzlqj dvvxpswlrq vshoov rxw zkdw vljqdoolqj jdphv duh xvxdoo| doo derxw/
D4 +Prqrwrqlflw|,1 Wkhuh lv dq rughu 	 rq  vxfk wkdw=
+l, Kljkhu uhvsrqvhv duh ehwwhu iru wkh vhqghu= Iru | ’ ucM dqg iru doo % 5 f/ li @ 	 	@/
wkhq E|c %c @ 	 E|c %c 	@1
+ll, Kljkhu eholhi rq wkh kljk w|sh +M, pdnhv kljkhu dfwlrqv suhihudeoh iru wkh uhfhlyhu=
Iru doo % 5 f/ li > 	 7>c dqg @ 5 -E>c %/ dqg 	@ 5 -E7>c %q-E>c %/ wkhq @ 	 	@14
4Lw lv iru frqyhqlhqfh zh fdoo d vljqdoolqj jdph prqrwrqh zkhq lw ixoov erwk ri +l, dqg +ll,1 Fkr dqg
Vreho +4<<3,*v dvvxpswlrq +D4*, lv edvlfdoo| +l,/ zkhuhdv wkhlu +D6, lv +ll,/ dqg wkh| fdoo d jdph prqrwrqlf
li lw ixoov mxvw +D4*,1
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Lq prvw dssolfdwlrqv/ zkdw lv lpsruwdqw iru wkh vhqghu lv wr rewdlq d uhvsrqvh lq d fhuwdlq
gluhfwlrq/ zklfk lv khuh fdoohg kljkhu1 Wkh phdq wr dfklhyh wklv hqg lv wr wu| wr jlyh wkh
lpsuhvvlrq wkdw rqh lv ri d vshflf w|sh/ zklfk lv khuh fdoohg kljk1 Wklv lv doo wkdw D4 vd|v1
Iru lqvwdqfh/ iru Vshqfh mre pdunhw vljqdoolqj jdphv dv vwdwhg lq Fkr dqg Nuhsv +4<;:,
dqg pruh jhqhudoo| lq Ixghqehuj dqg Wluroh +4<<4,/ iru hqwu| ghwhuuhqfh jdphv dv vwxglhg
lq Plojurp dqg Urehuwv +4<;5,/5 dqg iru edqnlqj/ fuhglw udwlrqlqj jdphv +ru htxlydohqwo|/
lqvxudqfh pdunhw jdphv, dv vxuyh|hg lq Khoozlj +4<;:,/ prqrwrqlflw| lv lqghhg ixooohg1
Zh dvvxph +xquhvwulfwlyho|, wkdw -Efc % dqg -Ec % duh vlqjohwrqv iru doo %/ dqg ohw
wkhlu vlqjoh hohphqwv eh ghqrwhg e| @E% dqg 7@E% uhvshfwlyho|/ vr 7@E% lv vlpso| wkh vroxwlrq
wr 4@ @M EMc%c @/ hwf1 E| D4/ 7@E% lv wkh kljkhvw dfwlrq wkh uhfhlyhu zloo srvvleo| wdnh
diwhu revhuylqj vljqdo %/ zkloh @E% lv wkh orzhvw1 Wkh dfwlrqv @/ iru zklfk @E%  @  @E%/
dffruglqj wr wkh rughu ri D4/ zh fdoo wkh udwlrqdo dfwlrqv diwhu vljqdo %1
Wkh wzr sduwlfxodu vljqdov %Wu dqg %
W
M duh ghqhg dv wkh ehvw vljqdov iru d vhqghu ri w|sh u
dqg M uhvshfwlyho|/ xqghu wkh dvvxpswlrq wkdw doo vljqdov duh uhvsrqghg wr dv li wkh| fdph
iurp w|sh u iru vxuh/ wkdw lv/ %WM lv wkh vroxwlrq lq % wr 4@ %Mf EMc %c @E%/ zklfk zh
+xquhvwulfwlyho|, dvvxph wr eh xqltxh/ dqg vlploduo| %Wu vroyhv 4@ %Mf Euc %c @E%1 Iru
vrph vljqdoolqj jdphv ri hfrqrplf lqwhuhvw %Wu ’ %
W
M > wklv lv iru lqvwdqfh wkh fdvh iru Fkr
dqg Nuhsv +4<;:,*v irupxodwlrq ri wkh Vshqfh mre pdunhw vljqdoolqj jdph +zkhuh hgxfdwlrq
grhv qrw dhfw surgxfwlylw|,1 Qrwh wkdw %W| lv dq lqvxudqfh ohyho vwudwhj| jlylqj wkh orzhu
sd|r olplw E|c %W| c @E%
W
|  iru wkh vhqghu ri w|sh | ’ ucM1
Wkh vljqdo %WM lv ri lpsruwdqfh iru wkh vhohfwlrq rewdlqhg ehorz1 Wklv vljqdo pd| eh
glhuhqw iurp %ZM / wkh ehvw vljqdo iru w|sh M jlyhq wkdw hyhu| vljqdo % zloo eh uhvsrqghg
wr dv li lw fdph iurp d w|sh M zlwk suredelolw| Z/ wkdw lv/ e| @ 5 -EZc %/ zkhuh wkh
odwwhu lv xquhvwulfwlyho| dvvxphg wr eh d vlqjohwrq1 Jhqhudoo|/ rqh frxog ghqh %>M dv d
vljqdo wkdw lv ehvw iru d vhqghu ri w|sh M/ zkhq hyhu| vljqdo % lv uhvsrqghg wr e| dq
dfwlrq lq -E>c %1 Iru pdq| vljqdoolqj jdphv ri lqwhuhvw/ %>M ’ %
W
M iru doo >1 Wklv
iroorzv/ iru lqvwdqfh/ li wkh sd|r ri wkh uhfhlyhu rqo| ghshqgv rq klv rzq dfwlrq dqg wkh
vhqghu*v w|sh/ E|c %c @ ’ E|c @/ dqg wkh vhqghu*v sd|r ixqfwlrq kdv wkh vhsdudeoh irup
E|c %c @ ’ E|c % n 2E|c @1 Wkhvh frqglwlrqv lpso| wkdw -E>c % rqo| ghshqgv rq >1
Vr/ iru jlyhq >/ wkh vhqghu*v vljqdo grhv qrw lq xhqfh wkh uhfhlyhu*v ehvw uhvsrqvh/ dqg
wkhuhiruh %>M vlpso| frphv iurp pd{lpl}lqj EMc % zlwk uhvshfw wr %1 Zkhq zh rewdlq
ehorz vhohfwlrq dprqj srrolqj htxloleuld lq idyru ri wkrvh zkhuh erwk w|shv fkrrvh wkh
vljqdo %WM / wklv lv wkxv qrw qhfhvvdulo| lq frqwudglfwlrq wr vhohfwlrq lq idyru ri %
Z
M 1
5Vwulfwo| vshdnlqj/ wkh jdph vwxglhg lq Plojurp dqg Urehuwv lv qrw d vljqdoolqj jdph/ exw lw fdq eh
uhgxfhg wr dq htxlydohqw jdph wkdw lv/ dqg wklv htxlydohqw jdph ixoov D41
9
Lq d vhsdudwlqj VH/ zkhuh %Eu ’ %u/ dqg %EM ’ %M / rqh pxvw/ vlqfh >E%u ’ f/
dqg >E%M ’ / kdyh @E%u ’ @E%u/ dqg @E%M ’ @E%M1 Vlqfh w|sh u jhwv wkh zruvw
srvvleoh uhvsrqvh/ kh rqo| sod|v rswlpdoo| li %u ’ %
W
u1 Ixuwkhu/ wkh htxloleulxp sd|r
Euc %Wuc @E%
W
u ri w|sh u pxvw eh dw ohdvw dv kljk dv wkh sd|r wkdw frxog eh rewdlqhg
e| ghyldwlqj wr %M +wkhuhe| rewdlqlqj wkh uhvsrqvh @E%M,/ dqg wkh htxloleulxp sd|r
EMc %M c @E%M ri w|sh M pxvw eh zhdno| juhdwhu wkdq zkdw zrxog dw ohdvw eh rewdlqhg
iurp ghyldwlqj wr %WM /
Euc %Wuc @E%
W
u  Euc %M c @E%M +514,





Rq wkh rwkhu kdqg/ li d vljqdo %M ixooov +514, dqg +515,/ wkhq dw ohdvw rqh vhsdudwlqj VH
zlwk %Eu ’ %Wu/ dqg %EM ’ %M h{lvwv/ qdpho| wkh rqh zkhuh eholhiv >E% duh }hur iru doo
vljqdov % 9’ %M / lpso|lqj wkh edg uhvsrqvh @E% ’ @E%1
Ohw f7 eh wkh vhw ri vhsdudwlqj vljqdov iru w|sh M/ wkdw lv/ wkh vhw ri vljqdov %M ixooolqj
+514, dqg +515,1 Qrwh wkdw wkh vhw f7 grhv qrw ghshqg rq wkh sulru Z1 Li f7 lv qrq0hpsw|/
rqh ghqhv wkh vr0fdoohg Uloh| vljqdo o/ dv wkh vshflf vljqdo wkdw/ dprqj doo vljqdov % lq
f7/ pd{lpl}hv EMc %c @E%/ vr lw lv wkh vljqdo ri d vhqghu ri w|sh M lq wkh vhsdudwlqj
htxloleulxp wkdw lv ehvw iru w|sh M/ wkh Uloh| htxloleulxp1
Lq d srrolqj VH zlwk %Eu ’ %EM ’ %c rqh kdv >E% ’ Z/ dqg wkhuhiruh % pxvw eh
uhvsrqghg wr e| dq dfwlrq @E% lq -EZc %1 Vr/ kljkhu Z sxoov lq wkh gluhfwlrq ri d
kljkhu htxloleulxp uhvsrqvh @E%1 Lq htxloleulxp wkh vhqghu pxvw/ lqghshqghqwo| ri w|sh/
jhw zhdno| kljkhu sd|r wkdq zkdw frxog dw ohdvw eh rewdlqhg e| ghyldwlqj wr wkh lqvxudqfh
ohyho vljqdo/ vr lw pxvw eh srvvleoh wr fkrrvh @E% lq -EZc % vxfk wkdw/
Euc %c @E%  Euc %Wuc @E%
W
u +516,
EMc %c @E%  EMc%WM c @E%
W
M +517,
Rq wkh rwkhu kdqg/ li +516, dqg +517, duh ixooohg iru vrph %/ wkhq dw ohdvw rqh srrolqj
htxloleulxp xvlqj wklv vljqdo h{lvwv/ qdpho| rqh zkhuh wkh uhfhlyhu*v eholhiv >E% duh }hur
iru doo % 9’ %/ lpso|lqj @E% ’ @E%1 Zh ghqrwh e| f wkh vhw ri vljqdov % ixooolqj +516,
dqg +517, iru d srvvleoh fkrlfh ri @E% lq -EZc %> wkxv f lv wkh vhw ri srrolqj vljqdov1
Qrwh wkdw wklv vhw ghshqgv rq Z D kljkhu Z jlyhv wkh srvvlelolw| ri fkrrvlqj d kljkhu @E%/
dqg khqfh lqfuhdvhv wkh ohiw kdqg vlghv deryh1 Wkhuhiruh/ wkh vhw f lv zhdno| lqfuhdvlqj
lq Z/ dqg lw pd| zhoo eh hpsw| iru vpdoo/ dqg qrq0hpsw| iru odujhu/ ydoxhv ri Z1
D vshflf vljqdoolqj jdph pd| kdyh qr vhsdudwlqj ru srrolqj htxloleulxp/ lq zklfk fdvh lw
grhv kdyh vhpl0vhsdudwlqj VH zkhuh w|sh M sod|v d vljqdo %M iru vxuh/ dqg w|sh u pl{hv
:
ehwzhhq %Wu dqg %M 1 Lq sduwlfxodu/ wkhuh zloo eh rqh vxfk htxloleulxp zkhuh %M ’ %
W
M /
zklfk lv dovr ri lpsruwdqfh iru wkh htxloleulxp vhohfwlrq rewdlqhg ehorz1 Krzhyhu/ iru
prvw jdphv vwxglhg lq dssolfdwlrqv/ qrw rqo| duh wkhuh sxuh vwudwhj| htxloleuld/ exw wkhuh
duh vhsdudwlqj VH/ wkdw lv/ f7 lv qrq0hpsw|1
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Lq rughu wr xvh fhuwdlq uhvxowv iurp wkh wkhru| ri Pdunry fkdlqv zh zloo kdyh wr dvvxph wkdw
wkh vhwv f dqg  duh qlwh> ohw ? dqg R eh wkhlu fduglqdolwlhv/ uhvshfwlyho|1 Kdylqj dvvxphg
qlwhqhvv wkh iroorzlqj dvvxpswlrq krogv jhqhulfdoo|/ dqg lpsolhv dv douhdg| dvvxphg deryh/
wkdw -Efc % dqg -Ec % duh vlqjohwrqv/ dqg wkdw %W| lv xqltxho| ghqhg1
D5 Iru erwk w|shv | ’ ucM G
+l, Li E%c @ 9’ E	%c 	@/ wkhq E|c %c @ 9’ E|c 	%c 	@1
+ll, Iru doo % 5 f G Li @ 9’ 	@/ wkhq E|c %c @ 9’ E|c %c 	@1
Wkh uvw sduw ri D5 lpsolhv wkdw wkh vhqghu dozd|v kdv d xqltxh ehvw uhvsrqvh jlyhq d
sxuh vwudwhj| ri wkh uhfhlyhu1 Wkh vhfrqg sduw vd|v wkdw jlyhq wkh vhqghu*v w|sh dqg vljqdo
wkh sd|r wr wkh uhfhlyhu lv glhuhqw iru dq| wzr dfwlrqv lq / lpso|lqj wkdw iru dq| %/
-E>c % lv d vlqjohwrq iru doprvw doo > 5 dfc oc dqg hvshfldoo| iru > ’ f/ > ’ / dqg
+jhqhulfdoo|, iru > ’ Z1
Frqvlghu wzr odujh srrov ri sod|huv sod|lqj d vljqdoolqj jdph uhfxuuhqwo|1 Rqh srro frqwdlqv
vhqghuv dqg lv vxeglylghg lqwr w|shv/ wkh rwkhu frqwdlqv uhfhlyhuv1 Lq hdfk urxqg ri sod|
d vhqghu dqg d uhfhlyhu duh slfnhg udqgrpo| dqg lqghshqghqwo| zlwk vpdoo suredelolw| iru
dq| lqglylgxdo sod|hu wr eh slfnhg1 Wkh suredelolw| ri slfnlqj d vhqghu ri w|sh M lv Z1 Wkh
slfnhg sod|huv sod| wkh jdph dqg diwhuzdugv/ ehiruh wkh qh{w urxqg/ hyhu|erg| revhuyhv
wkh w|sh ri wkh vhqghu dv zhoo dv wkh vljqdo dqg wkh dfwlrq wdnhq lq wkh urxqg1
Wkh sod|huv ri hdfk srro krog d frpprq uhfrug ri sdvw rssrqhqw sod|1 Iru hdfk % 5 f/ ohw
}% eh wkh vhqghuv* frpprq uhfrug ri wkh dfwlrqv wdnhq e| wkh uhfhlyhuv wkh odvw 6 wlphv
vljqdo % zdv vhqw e| vhqghuv1 Wkh uvw hohphqw ri }% lv wkh uhvsrqvh e| wkh uhfhlyhu wkh
6*wk odvw wlph d vhqghu sod|hg %c wkh odvw hohphqw lv wkh uhvsrqvh e| wkh uhfhlyhu wkh yhu|
odvw wlph d vhqghu sod|hg % Wkxv }% lv dq 60yhfwru/ zkhuh hdfk hohphqw lv dq dfwlrq @
iurp 1 Vlploduo|/ % lv wkh uhfhlyhuv* frpprq uhfrug ri wkh vhqghuv* w|shv lq wkh odvw 6
urxqgv zkhuh % zdv fkrvhq/ vr % lv dq 60yhfwru/ dqg hdfk hohphqw lv d w|sh/ u ru M1 Lq
wkh iroorzlqj zh zloo dozd|v dvvxph wkdw iru hdfk %/ wkh uhfrug }% frqwdlqv rqo| udwlrqdo
;
dfwlrqv/ l1h1/ hdfk hohphqw @ lq }% ixooov @E%  @  7@E%1 Wklv dprxqwv wr dvvxplqj wkdw
uhfhlyhuv qhyhu/ qrw hyhq e| plvwdnh/ wdnh dq dfwlrq wkdw frxog qrw eh ehvw iru dq| eholhi
derxw wkh vhqghu16
Wkh vwdwh ri wkh ohduqlqj surfhvv lv jlyhq e| wkh fxuuhqwo| khog uhfrugv iE}%%Mfc E%%Mfj
ri sdvw sod|1 Wkh vwdwh vsdfh l lv wkh vhw ri doo srvvleoh uhfrugv/ zklfk lv qlwh1 Iurp rqh
urxqg wr wkh qh{w wkh vwdwh lv xsgdwhg dv iroorzv1 Li wkh vljqdo sod|hg lq wkh urxqg zdv %/
wkh slfnhg vhqghu*v w|sh zdv |/ dqg wkh slfnhg uhfhlyhu*v uhvsrqvh zdv @/ wkhq doo uhfrugv





ghohwhg/ dqg d | lv lqvhuwhg dv odvw hohphqw lq %

/ dqg dq @ lv lqvhuwhg dv odvw hohphqw lq
}%

1 D vwdwh 7/ ’ E7}%c 7% lv d vxffhvvru ri / ’ E}%c %/ li 7/ fdq eh frqvwuxfwhg iurp / e|
wklv surfhgxuh ri xsgdwlqj e| dssursuldwh fkrlfhv ri vljqdo/ w|sh/ dqg udwlrqdo dfwlrq1
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Zkhq d sod|hu lv wr fkrrvh dq dfwlrq/ kh gudzv d vdpsoh iurp wkh fxuuhqw uhfrug/ irupv
eholhiv ri wkh rssrqhqw*v dfwlrq ru w|sh e| frpsxwlqj wkh uhodwlyh iuhtxhqflhv iurp wkh
vdpsoh/ dqg wkhq fkrrvhv d +p|rslf, ehvw uhvsrqvh1 Suhflvho|/ zkhq d vhqghu lv wr fkrrvh
d vljqdo/ kh slfnv & hohphqwv iurp hdfk uhfrug }%/ dqg xvhv wkh uhodwlyh iuhtxhqflhv ri
dfwlrqv lq wkh vdpsoh dv klv frqmhfwxuh ri zkdw dfwlrq wkh uhfhlyhu zloo wdnh diwhu %1 Ohw
wkh vr ghulyhg frqmhfwxuh frqfhuqlqj vljqdo % eh ghqrwhg e| j%/ zkhuh j%E@ lv wkh uhodwlyh
iuhtxhqf| ri @ lq wkh vdpsoh iurp }%1 Wkh slfnhg vhqghu wkhq sod|v wkh vljqdo wkdw |lhogv
wkh kljkhvw h{shfwhg sd|r/ wkdw lv/ li kh lv ri w|sh |/ kh fkrrvhv d vljqdo % wkdw pd{lpl}hv
S
@M E|c %c @j%E@1 Wkh uhfhlyhu/ diwhu revhuylqj vljqdo %/ vdpsohv & hohphqwv iurp wkh
uhfrug %/ dqg xvhv wkh uhodwlyh iuhtxhqf| ri M lq wkh vdpsoh/ fdoo lw >%/ dv eholhi ri wkh
rssrqhqw*v w|sh1 Kh wkhq fkrrvhv dq dfwlrq |lhoglqj pd{lpdo h{shfwhg sd|r jlyhq wklv
eholhi/ wkdw lv/ dq dfwlrq lq -E>%c %1 Zh dvvxph wkdw & lv vwulfwo| ohvv wkdq 6*2/ dqg
wkdw & lv vxfk wkdw iru qr vdpsohv wlhv rffxu17
Wklv ghqhv d Pdunry fkdlq rq l/ zkhuh wkh wudqvlwlrq suredelolwlhv duh jlyhq dv iroorzv1
Iru dq| vwdwh 7/ wkdw lv qrw d vxffhvvru ri // wkh wudqvlwlrq suredelolw| RfE/c 7/ lv }hur1 Ohw
6Wklv dvvxpswlrq vlpsolhv wkh dqdo|vlv/ exw lv qrw hvvhqwldo wr rxu uhvxowv dv zloo eh h{sodlqhg lq
Dsshqgl{ E1
7E| D5 wlhv rffxu rqo| dw nqlihhgjh eholhiv/ vr vxfk d n dozd|v h{lvwv1 Dq dvvxpswlrq ri qrw wrr pxfk
vdpsolqj/ khuh n ? p@5/ lv vwdqgdug lq wkh olwhudwxuh/ vhh \rxqj +4<<6d, dqg +4<<6e,/ dqg vhuyhv wr dyrlg
f|folfdo ehkdylru ri wkh xqshuwxuehg surfhvv zklfk frxog ohdg wr wkh h{lvwhqfh ri vwudqjh devruelqj vhwv1
Lw lv h{dfwo| lq wkh surri ri Sursrvlwlrq 716 ehorz/ zklfk fkdudfwhul}hv wkh vhw ri devruelqj vhwv/ wkdw
n ? p@5 lv xvhg1
<
7/ eh wkh vxffhvvru ri / wkdw dsshduv e| xsgdwlqj zlwk uhvshfw wr vljqdo %/ dqg kdv | dv wkh
odvw hohphqw lq 7%

/ dqg @ dv wkh odvw hohphqw lq 7}%

1 Wkh wudqvlwlrq suredelolw| RfE/c 7/
htxdov wkh suredelolw| ri gudzlqj w|sh | pxowlsolhg e| wkh suredelolw| wkdw wkh vhqghu
gudzv vdpsohv iurp E}%%Mf pdnlqj %
 wkh ehvw uhvsrqvh pxowlsolhg e| wkh suredelolw|
wkdw wkh uhfhlyhu gudzv d vdpsoh iurp %

pdnlqj @ wkh ehvw uhvsrqvh +wklv pd| eh }hur,1
Wkh wudqvlwlrq suredelolwlhv duh froohfwhg lq wkh wudqvlwlrq pdwul{  f
D vhw   l lv devruelqj li lw lv plqlpdo zlwk uhvshfw wr wkh surshuw|/
li / 5  dqg RfE/c 7/ : f/ wkhq 7/ 5  +614,
D vhw lv devruelqj li iru hyhu| vwdwh lq wkh vhw wkh suredelolw| ri wudqvlwlrq wr d vwdwh lq
wkh vhw lv rqh/ dqg iru hyhu| wzr vwdwhv lq wkh vhw wkhuh lv srvlwlyh suredelolw| ri wudqvlwlrq
ehwzhhq wkh wzr vwdwhv lq d qlwh qxpehu ri urxqgv1 Li wkh vlqjohwrq i/j lv devruelqj/ zh
vd| wkdw / lv dq devruelqj vwdwh1
D suredelolw| glvwulexwlrq # rq l lv dq lqyduldqw glvwulexwlrq iru  f/ li # f ’ #1 Vr/
li wkh surfhvv vwduwv lq vrph vwdwh gudzq udqgrpo| dffruglqj wr #/ wkhq wkh +h{ dqwh,
suredelolwlhv ri wkh glhuhqw vwdwhv lq wkh iroorzlqj urxqg duh dovr jlyhq e| #1
Wkhuh lv dozd|v dw ohdvw rqh devruelqj vhw/ vlqfh wkh zkroh vwdwh vsdfh l ixooov +614,/ exw
pd| qrw eh plqlpdo1 Wkh iroorzlqj uhvxowv duh zhoo nqrzq iurp wkh wkhru| ri Pdunry
fkdlqv/ vhh/ h1j1/ Eloolqjvoh| +4<<8,/
41 Wkhuh lv suredelolw| rqh ri hqglqj xs lq dq devruelqj vhw lq qlwh wlph1
51 Iru hdfk devruelqj vhw / wkhuh h{lvwv d xqltxh lqyduldqw glvwulexwlrq zlwk vxssruw /
dqg iru hdfk lqyduldqw glvwulexwlrq hyhu| vwdwh lq wkh vxssruw ehorqjv wr dq devruelqj vhw1
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Dv lv vwdqgdug lq wkh olwhudwxuh/ zh zloo vwxg| d Pdunry fkdlq  0/ zklfk lv d voljkw shu0
wxuedwlrq ri  f1 Wkh lghd lv wkdw/ dv frpsduhg wr  f/ d surfhvv lq zklfk sod|huv pd|
rffdvlrqdoo| wuhpeoh/ lv pruh uhdolvwlf1 Zh vlpso| dvvxph wkdw wkh ghvfulswlrq ghqlqj  f
lv prglhg dv iroorzv= zkhqhyhu d sod|hu lv wr pryh/ zlwk suredelolw| 0 : fc wkh sod|hu
fkrrvhv d udqgrp vljqdo ru d udqgrp udwlrqdo dfwlrq 0 ohw*v vd| gudzq iurp wkh xqlirup
glvwulexwlrq ryhu srvvleoh vljqdov ru udwlrqdo dfwlrqv8 0 zkloh zlwk suredelolw|   0 wkh
8Wkh dvvxpswlrq fdq eh uhod{hg1 Doo wkdw lv uhtxluhg lv wkdw wkh suredelolw| ri hdfk vljqdo iru wkh vhqghu
dqg hdfk udwlrqdo dfwlrq iru wkh uhfhlyhu lv vwulfwo| srvlwlyh/ dqg wkdw wkh suredelolwlhv duh lqghshqghqw ri
wkh vwdwh/ vhh Ehujlq dqg Olspdq+4<<9,1
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sod|hu ehkdyhv dffruglqj wr wkh xqshuwxuehg surfhvv1 Wkh wuhpeohv fdq eh lqwhusuhwhg dv
plvwdnhv/ h{shulphqwv/ ru pxwdwlrqv1 Wklv ohdgv wr d shuwxuehg Pdunry fkdlq rq l zlwk
wudqvlwlrq suredelolwlhv R0E/c 7/ froohfwhg lq wkh pdwul{  01 Wkh qhz surfhvv lv luuhgxfleoh=
iru dq| wzr vwdwhv/ wkhuh lv srvlwlyh suredelolw| ri wudqvlwlrq iurp rqh wr wkh rwkhu lq d
qlwh qxpehu ri urxqgv1 Wklv krogv vlqfh wkhuh lv vwulfwo| srvlwlyh suredelolw| ri wudqvlwlrq
ehwzhhq wzr duelwudu| vwdwhv / dqg / lq dw prvw 6? vwhsv> mxvw ohw wkh w|shv ri vhqghu eh
gudzq dssursuldwho|/ dqg ohw wkh sod|huv fkrrvh wkh uhohydqw vljqdov2dfwlrqv e| wuhpeohv ru
dv ehvw uhvsrqvh1 Luuhgxflelolw| lpsolhv wkdw wkh orqj uxq ehkdylru ri wkh surfhvv lq whupv
ri wkh uhodwlyh iuhtxhqflhv ryhu wlph ri wkh glhuhqw vwdwhv grhv qrw ghshqg rq wkh lqlwldo
vwdwh/ vlqfh lw lv d jhqhudo uhvxow wkdw/
61 Li d Pdunry fkdlq lv luuhgxfleoh/ wkhq lw kdv d xqltxh lqyduldqw glvwulexwlrq/ dqg lqgh0
shqghqwo| ri wkh lqlwldo vwdwh/ +zlwk suredelolw| rqh, wkh uhodwlyh iuhtxhqflhv e| zklfk wkh
glhuhqw vwdwhv duh ylvlwhg ryhu wlph frqyhujh wr wkh suredelolwlhv ri wkh xqltxh lqyduldqw
glvwulexwlrq dv wlph jrhv wr lqqlw|1
Wkxv wr suhglfw wkh orqj uxq ehkdylru ri wkh surfhvv lq whupv ri uhodwlyh iuhtxhqflhv zh
mxvw qhhg wr lghqwli| wkh lqyduldqw glvwulexwlrq1 Wkh surfhvv  0 lv dovr dshulrglf= iru dq|
wzr vwdwhv / dqg /2/ wkhuh h{lvwv A 	4 vxfk wkdw wudqvlwlrq kdv srvlwlyh suredelolw| lq
A / A n / A n 2 hwf1 urxqgv1 Wklv fdq eh vhhq dv deryh/ vlqfh wudqvlwlrq reylrxvo| lv dovr
srvvleoh lq 6? n  vwhsv1 Iru luuhgxfleoh dqg dshulrglf +wkdw lv/ hujrglf, surfhvvhv wkh
orqj uxq ehkdylru lq whupv ri suredelolwlhv ri wkh vwdwhv dovr grhv qrw ghshqg rq wkh lqlwldo
glvwulexwlrq/ vlqfh lw lv d jhqhudo uhvxow wkdw/
71 Li d Pdunry fkdlq lv luuhgxfleoh dqg dshulrglf/ wkhq lqghshqghqwo| ri wkh lqlwldo glvwul0
exwlrq/ wkh +h{ dqwh, suredelolwlhv ri wkh glhuhqw vwdwhv diwhu A urxqgv frqyhujh wr wkh
suredelolwlhv ri wkh xqltxh lqyduldqw glvwulexwlrq/ dv A jrhv wr lqqlw|1
Zh duh lqwhuhvwhg lq lghqwli|lqj wkh lqyduldqw glvwulexwlrq ri  0 +iru 0 vpdoo,/ vlqfh wklv
fkdudfwhul}hv wkh orqj uxq ehkdylru erwk lq whupv ri uhodwlyh iuhtxhqflhv ri wkh vwdwhv ryhu
wlph dqg lq whupv ri wkh orqj uxq/ h{ dqwh suredelolwlhv ri wkh vwdwhv1
Wkh surfhvv  0 lv d vr0fdoohg uhjxodu shuwxuedwlrq ri  f=  0 lv luuhgxfleoh dqg dshulrglf/
dqg iru hdfk wudqvlwlrq E/c 7/ wkh suredelolw| R0E/c 7/ whqgv wr RfE/c 7/ dv 0 jrhv wr }hur/
dqg wkhuh lv d zhoo0ghqhg vshhg e| zklfk wklv kdsshqv/ vhh \rxqj +4<<6d, iru d irupdo
ghqlwlrq1 Lw iroorzv iurp \rxqj +4<<6d,/ Wkhruhp 7/ wkdw/
81 Dv 0 jrhv wr }hur/ wkh dvvrfldwhg vhtxhqfh E#0 ri wkh xqltxh lqyduldqw glvwulexwlrqv ri
 0/ frqyhujhv wr d vshflf glvwulexwlrq #f/ dqg wklv glvwulexwlrq lv lqyduldqw iru  f/ wkdw
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lv/ #f f ’ #f1
Vlqfh zh duh lqwhuhvwhg lq wkh orqj uxq ehkdylru ri  0 iru 0 vpdoo/ rxu frqfhuq zloo eh zlwk
#f1 Lw iroorzv iurp wkh deryh wkdw +iru vpdoo 0, wkh vwdwhv lq wkh vxssruw ri #f/ fdoohg
wkh vwrfkdvwlfdoo| vwdeoh vwdwhv/ duh wkh vwdwhv/ dqg wkh rqo| vwdwhv/ wkdw zloo eh revhuyhg
iuhtxhqwo| lq wkh orqj uxq li sod|huv ohduq/ sod|/ dqg wuhpeoh dv ghvfulehg/ dqg " lv vpdoo1
Lw dovr iroorzv wkdw rqo| vwdwhv lq devruelqj vhwv ri  f fdq eh vwrfkdvwlfdoo| vwdeoh1
Lq wkh iroorzlqj vhfwlrq zh fkdudfwhul}h wkh vwrfkdvwlfdoo| vwdeoh vwdwhv1 Rxu pdlq uhvxow
lv wkdw li wkh vljqdoolqj jdph kdv vhsdudwlqj VH/ wkhq rqo| vwdwhv wkdw fruuhvsrqg wr wkh
Uloh| htxloleulxp zloo eh vwrfkdvwlfdoo| vwdeoh/ lpso|lqj wkdw rqo| sod| dv lq wkh Uloh|
htxloleulxp zloo eh revhuyhg iuhtxhqwo| lq wkh orqj uxq zkhq 0 lv vpdoo1
Ehiruh ghprqvwudwlqj wklv zh zdqw wr srlqw wr wkh pdmru irufhv gulylqj rxu uhvxowv dqg
glvfxvv lpsruwdqw dvshfwv ri rxu hyroxwlrqdu| ohduqlqj surfhvv1 Wklv lv grqh prvw looxvwud0
wlyho| e| frpsdulqj wr dq dowhuqdwlyh hyroxwlrqdu| dssurdfk1
6161 Guliw lq lq0Htxloleulxp Eholhiv
Wkh hyroxwlrqdu| ohduqlqj surfhvv ghqhg deryh lv d ghyhorsphqw ri wkh dssurdfk ri \rxqj
+4<<6d, wr vljqdoolqj jdphv1 D vlplodu ghyhorsphqw ri wkh hyroxwlrqdu| dssurdfk ri NPU/
dv vxjjhvwhg e| Qøoghnh dqg Vdpxhovrq +4<<:,/ zrxog jr dv iroorzv1 Lw zrxog eh dvvxphg
wkdw doo sod|huv lq hdfk sod|hu srro sod| lq hdfk urxqg1 Udqgrp pdwfklqj zrxog ghflgh
zklfk vhqghuv zrxog phhw zklfk uhfhlyhuv1 Wkh iudfwlrq Z ri vhqghuv zrxog eh ri w|sh
M1 Wkh sod|huv* h{shfwdwlrqv frqfhuqlqj d jlyhq vljqdo/ wkdw lv/ wkh uhfhlyhuv* suredelolw|
dvvhvvphqw ri w|sh dqg wkh vhqghuv* suredelolw| dvvhvvphqw ri dfwlrq lq uhvsrqvh/ zrxog
lq d jlyhq urxqg eh ghwhuplqhg e| wkh hpslulfdo iuhtxhqflhv ri w|shv dqg dfwlrqv ryhu wkh
hqwluh vhqghu dqg uhfhlyhu srsxodwlrqv uhvshfwlyho| iru wkh vljqdo lq txhvwlrq lq wkh lpph0
gldwho| suhfhglqj urxqg1 Sod| iurp hduolhu urxqgv zrxog eh irujrwwhq1 Wkh glhuhqfh
lv wkdw dffruglqj wr wkh NPU dssurdfk h{shfwdwlrqv ghshqg rq revhuydwlrq ri wkh srsx0
odwlrqv* ehkdylruv lq rqh/ qdpho| wkh odvw/ urxqg/ zkhuhdv dffruglqj wr \rxqj*v dssurdfk
h{shfwdwlrqv duh ghulyhg iurp revhuydwlrq ri wkh ehkdylru ri d vwulqj ri sdluv edfn lq wlph1
Dowkrxjk wkh wzr dssurdfkhv ohdg wr yhu| vlplodu surfhvvhv iru vlpxowdqhrxv pryh jdphv
ri frpsohwh lqirupdwlrq/ wkhlu ghyhorsphqwv wr vljqdoolqj jdphv duh hvvhqwldoo| glhuhqw/
dqg wkh glhuhqfhv duh gxh erwk wr vhtxhqwldo pryhv dqg wr lqfrpsohwh lqirupdwlrq1
Iluvw/ frqvlghu d NPU w|sh ri surfhvv dqg dvvxph wkdw lq d fhuwdlq urxqg d vshflf vljqdo/
% vd|/ zdv qrw sod|hg e| dq| vhqghu1 Lq wkh qh{w urxqg qr sod|hu fdq wkhq kdyh dq
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revhuydwlrq edvhg h{shfwdwlrq frqfhuqlqj wkh vljqdo %1 Wklv kdv lpsruwdqw frqvhtxhqfhv1
Lw pxvw eh dvvxphg h{rjhqrxvo| zkhuh wkh h{shfwdwlrqv jlyhq % +zkr vhqw lw/ zkdw zloo
wkh uhvsrqvh eh, jr1 Qøoghnh dqg Vdpxhovrq +4<<:, dvvxph wkdw wkhvh h{shfwdwlrqv vwd|
xqfkdqjhg iurp wkh odvw wlph wkhuh zdv dq revhuydwlrq edvhg h{shfwdwlrq1 Diwhu d urxqg
zkhuh % zdv qrw sod|hg/ wkh eholhiv frqfhuqlqj % zloo eh h{wuhpho| vhqvlwlyh wr wuhpeohv1
Li h{dfwo| rqh vhqghu ri w|sh u/ vd|/ e| h{shulphqw ru plvwdnh sod|v %/ wkhq lq wkh qh{w
urxqg wkh eholhi ri doo uhfhlyhuv zloo eh wkdw % kdv wr frph iurp d w|sh u1 Zh ghvfuleh
wklv dv wkh surfhvv ehlqj yhu| vhqvlwlyh wr guliw lq rxw0ri0htxloleulxp eholhiv/ zkhuh wkh
whup rxw0ri0htxloleulxp lv xvhg wr lqglfdwh wkdw wkh ghvfulehg fkdqjh ri eholhi frqfhuqv d
vljqdo wkdw lv fxuuhqwo| qrw sod|hg zlwk srvlwlyh suredelolw| +dffruglqj wr wkh xqshuwxuehg
surfhvv,1 Wkh uhodwlyh vwuhqjwk ri guliw lq rxw0ri0htxloleulxp eholhiv lv lpsruwdqw iru wkh
htxloleulxp vhohfwlrq rewdlqhg e| Qøoghnh dqg Vdpxhovrq +4<<:,1
Iru wkh \rxqj w|sh ri surfhvv/ rq wkh rwkhu kdqg/ lw lv dq lpsruwdqw ihdwxuh wkdw sod|huv
dozd|v kdyh revhuydwlrqv/ wkdw lv/ uhfrugv }% dqg %/ frqfhuqlqj dq| srvvleoh vljqdo %1 Li
vrph vljqdo kdv qrw ehhq sod|hg iru d orqj wlph/ wkh revhuydwlrqv frqfhuqlqj wklv zloo eh rog/
exw lw qhyhu kdsshqv wkdw wkh phpru| frqfhuqlqj d vljqdo lv hpswlhg/ dqg wkhuhiruh wkh
sod|huv zloo dozd|v edvh wkhlu frqmhfwxuhv derxw rssrqhqw*v w|sh ru sod| rq revhuydwlrqv/
vrph ri zklfk pd| eh rog1 Lw vhhpv wr xv pruh uhdvrqdeoh wr dvvxph wkdw sod|huv edvh
wkhlu h{shfwdwlrqv rq revhuydwlrqv/ hyhq li rog/ wkdq rq vrphwklqj hovh/ dqg wklv lv rqh
uhdvrq zk| zh qg d ghyhorsphqw ri wkh \rxqj dssurdfk wr vljqdoolqj jdphv lqwhuhvwlqj
+qrwh khuh wkdw zkhq sod|huv wuhpeoh/ doo vljqdov zloo lqghhg rffdvlrqdoo| eh revhuyhg,1
Dovr iru d \rxqj surfhvv/ eholhiv frqfhuqlqj vljqdov qrw suhvhqwo| sod|hg dffruglqj wr wkh
xqshuwxuehg surfhvv duh vhqvlwlyh wr wuhpeohv/ dqg wklv guliw lq rxw0ri0htxloleulxp eholhiv
lv lqghhg rqh ri wkh gulylqj irufhv iru rxu uhvxowv/ exw lq rxu prgho wkrvh eholhiv duh qrw
h{wuhpho| vhqvlwlyh wr wuhpeohv> rqh h{shulphqw ru plvwdnh zloo qrw frpsohwho| fkdqjh wkh
sod|huv* eholhiv1
D vhfrqg lpsruwdqw glhuhqfh ruljlqv iurp lqfrpsohwh lqirupdwlrq1 Lq d NPU surfhvv/
vlqfh doo vhqghuv zrxog sod| lq hdfk urxqg/ wkh uhfhlyhuv frxog vlpso| revhuyh krz pdq|
zhuh w|sh M> wkh wuxh sulru zrxog eh nqrzq wr wkh uhfhlyhuv1 Iru wkh \rxqj surfhvv/ dv
zh kdyh ghqhg lw/ wkh w|shv ri wkrvh vhqghuv zkr zhuh dfwxdoo| slfnhg iru sod| lq d qlwh
qxpehu ri iruphu urxqgv duh revhuyhg/ exw wklv grhv qrw frpsohwho| uhyhdo wkh sulru1 Wkh
uhfhlyhuv nhhs wudfn ri zklfk w|shv vhqw vljqdo % wkh odvw 6 wlphv lw zdv vhqw/ dqg xvh +d
vdpsoh iurp, wklv uhfrug wr irup d suredelolvwlf h{shfwdwlrq/ d srvwhulru +ru eholhi,/ ri w|sh
wkh qh{w wlph dq % lv revhuyhg1 Hvwlpdwlrq ri wkh sulru lv qrw hyhq dwwhpswhg19
9Dowhuqdwlyho|/ wkh uhfhlyhuv frxog eh dvvxphg wr hvwlpdwh iurp d jlyhq vhw ri sdvw revhuydwlrqv erwk
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Zh qg wkh dvvxpswlrq wkdw wkh sulru lv qhlwkhu nqrzq/ qru suhflvho| hvwlpdwhg/ dqg
khqfh wkh surfhgxuh ri gluhfw hvwlpdwlrq ri srvwhulruv +eholhiv,/ lq jrrg dffrugdqfh zlwk
wkh erxqghgo| udwlrqdo/ ohduqlqj w|sh ri ehkdylru wkdw lv dq|zd| dvvxphg1: Wkh surfhgxuh
ohdgv wr d skhqrphqrq wkdw fdq ghvfulswlyho| eh fdoohg guliw lq lq0htxloleulxp eholhiv/
dqg wklv lv wkh rwkhu pdmru irufh gulylqj rxu uhvxowv1
Wr h{sodlq lw dvvxph wkdw fxuuhqwo| wkh uhfrugv duh vxfk wkdw +iru dq| vdpsolqj, erwk w|shv
ri vhqghu zloo qg lw rswlpdo wr sod| d vshflf vljqdo/ % vd|1 Wr eh suhflvh dvvxph wkdw }%

frqwdlqv pdq|/ uhodwlyho| kljk dfwlrqv/ zkloh iru rwkhu vljqdov %/ wkh uhfrugv }% frqwdlq
pdq| edg uhvsrqvhv forvh wr @E%1 Dvvxph ixuwkhu/ wkdw wkh uhfhlyhuv* uhfrugv frqwdlq
uhodwlyho| pdq| M*v lq %

/ vr wkdw wkh uhfhlyhuv jlyh uhodwlyho| jrrg uhvsrqvhv wr %/ dqg
pdq| u*v lq rwkhu uhfrugv %/ vr rwkhu vljqdov duh jlyhq edg uhvsrqvhv1 Iru wkh vdnh ri
wkh dujxphqw dvvxph wkdw wklv fruuhvsrqgv wr d srrolqj htxloleulxp= wkhuh lv lqghhg d VH/
zkhuh erwk w|shv ri vhqghu fkrrvh %1 Wklv lv vxssruwhg e| eholhiv >E% ’ Z/ dqg >E% ’ f
iru % 9’ %1 Wkh sulru Z lv odujh hqrxjk wr hqvxuh wkdw wkh ehvw dfwlrq diwhu %/ fdoo lw @/ lv
vr jrrg iru wkh vhqghu/ wkdw % iroorzhg e| @/ lv ehwwhu iru erwk w|shv ri vhqghu wkdq dq|
dowhuqdwlyh % iroorzhg e| @E%1 Qrz/ dv wkh jdph lv sod|hg uhfxuuhqwo| lw zloo kdsshq zlwk
srvlwlyh suredelolw| dffruglqj wr wkh xqshuwxuehg surfhvv/ wkdw lv/ zlwkrxw dq| wuhpeohv/
wkdw pdq| vhqghuv ri w|sh u hqwhu lq d urz +ru mxvw lq d vx!flhqwo| vwurqj frqfhqwudwlrq,1
Wkh| zloo doo sod| wkh vljqdo %1 Wklv zloo pdnh wkh uhfhlyhuv* uhfrug %

frqwdlq pdq| u*v/
vr eholhiv frqvwuxfwhg iurp vdpsohv iurp %

zloo eh wzlvwhg wrzdugv kljkhu suredelolw| rq
u1 Wklv zloo hyhqwxdoo| fkdqjh wkh ehvw uhvsrqvh diwhu vljqdo % wrzdugv @E%/ wkdw lv/ wr
dq dfwlrq wkdw lv qrw vr jrrg iru wkh vhqghuv/ dqg dv wkh uhfrug }% lv qrz ehlqj oohg xs
zlwk edg dfwlrqv/ lw pd| zhoo kdsshq wkdw iru rqh ri wkh w|shv ri vhqghu/ wkh ehvw vljqdo
fkdqjhv1 Lq wklv zd|/ zlwkrxw dq| wuhpeolqj dw doo/ wkh srrolqj vlwxdwlrq wkdw rqh vwduwhg
iurp lv xsvhw/ dqg uhfrugv pd| eh eurxjkw wr d sodfh iurp zklfk lw pd| uhtxluh qr ru rqo|
d olwwoh wuhpeolqj wr jr ixuwkhu doo wkh zd| wr d vhsdudwlqj vlwxdwlrq1 Zh fdoo wklv guliw
lq lq0htxloleulxp eholhiv ehfdxvh wkh ghvfulehg fkdqjh lq eholhiv frqfhuqv d vljqdo wkdw lv
fxuuhqwo| sod|hg zlwk srvlwlyh suredelolw| +dffruglqj wr wkh xqshuwxuehg surfhvv,1
wkh sulru dqg wkh +pl{hg, vwudwhjlhv ri w|shv O dqg K uhvshfwlyho|/ dqg ghulyh srvwhulruv iru hdfk vljqdo
{ e| dsso|lqj Ed|hv* uxoh1 Jhqhudoo|/ iru d jlyhq vhw ri revhuydwlrqv/ krzhyhu/ wklv fdq qhyhu lpsuryh wkh
hvwlpdwhv ri srvwhulruv1 Ri frxuvh/ li wkh uhfhlyhuv nqhz wkh wuxh sulru ru hvwlpdwhg lw edvhg rq dgglwlrqdo
revhuydwlrqv ru rwkhu lqirupdwlrq/ wkh dowhuqdwlyh surfhgxuh pljkw eh ehwwhu1
:Qrwh wkdw vhtxhqwldo pryhv sod| d uroh khuh1 Vlqfh wkh uhfhlyhuv gr qrw kdyh wr pryh ehiruh d fhu0
wdlq vljqdo kdv ehhq revhuyhg/ lw vhhpv qdwxudo wr uhfrug w|shv/ dqg wr hvwlpdwh gluhfwo| wkh srvwhulru
suredelolw| ri w|sh +wkdw lv/ wkh eholhi,/ iru hdfk vljqdo vhsdudwho|1 Lq d vlpxowdqhrxv pryh jdph ri lqfrp0
sohwh lqirupdwlrq lw pd| eh pruh uhdvrqdeoh wr dvvxph wkdw w|sh lv hvwlpdwhg iurp d odujhu vhw ri sdvw
revhuydwlrqv wkdq duh vwudwhjlhv/ vhh Mdfrevhq/ Mhqvhq/ dqg Vorwk +4<<;,1
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Dq lqlwldo vhsdudwlqj vlwxdwlrq fruuhvsrqglqj wr d vhsdudwlqj htxloleulxp fdqqrw eh vlpl0
oduo| xsvhw1 Dvvxph wkdw wkhuh lv d vhsdudwlqj VH xvlqj vljqdov %W
u
dqg %M / dqg frqvlghu
uhfrugv zklfk duh fxuuhqwo| vxfk wkdw +iru dq| vdpsolqj,/ %W
u
lv ehvw iru w|sh u/ dqg %M lv
ehvw iru w|sh M/ dqg %W
u




u frqwdlqv pdq| u*v/ dqg %M
lv uhvsrqghg wr e| @E%M/ ehfdxvh 
%M frqwdlqv pdq| M*v1 Djdlq/ lw kdv srvlwlyh sured0
elolw| +zlwkrxw wuhpeolqj, wkdw d orw ri w|sh u*v +ru M*v, hqwhu lq d frqfhqwudwlrq/ dqg wklv
zloo lqvhuw pdq| u*v lq %
W
u +ru M*v lq %M ,/ exw %
W
u douhdg| frqwdlqhg pdq| u*v +dqg %
pdq| M*v,/ dqg wkhuhiruh qr sod|huv zloo fkdqjh ehkdylru> wkh vhsdudwlqj vlwxdwlrq lv qrw
xsvhw1
Wklv jlyhv wkh lqwxlwlrq zk| srrolqj htxloleuld duh pruh iudjloh wkdq vhsdudwlqj dffruglqj
wr rxu hyroxwlrqdu| ohduqlqj surfhvv/ dqg khqfh zk| zh rewdlq vxssruw iru +d sduwlfxodu,
vhsdudwlqj htxloleulxp1 Vroho| e| d irufh dvvrfldwhg wr wkh xqshuwxuehg surfhvv/ guliw lq
lq0htxloleulxp eholhiv/ prvw srrolqj vlwxdwlrqv duh xsvhw/ exw vhsdudwlqj duh qrw> vhsdudwlqj
htxloleuld duh vhoi0frquplqj/ zkloh srrolqj duh qrw1 Wr uhdfk wkh ixoo frqfoxvlrq wkdw rqo|
ehkdylru lq dffrugdqfh zlwk d sduwlfxodu vhsdudwlqj htxloleulxp lv revhuyhg lq wkh orqj uxq
dovr uhtxluhv wkh irufh ri wuhpeohv/ dqg wkh lqgxfhg guliw lq rxw0ri0htxloleulxp eholhiv/ exw
d nh| lv wr xqghuvwdqg wkdw prvw srrolqj vlwxdwlrqv duh xsvhw vroho| e| uvw rughu hyhqwv
+zlwk srvlwlyh suredelolw| hyhq lq wkh devhqfh ri wuhpeohv,/ zkloh vhsdudwlqj fdq rqo| eh
xsvhw e| vhfrqg rughu hyhqwv +rqo| e| wuhpeohv,1 D NPU surfhvv dv lq Qøoghnh dqg
Vdpxhovrq +4<<:, lv glhuhqw lq wklv uhvshfw1 Li doo vhqghuv lq wkh srsxodwlrq lq rqh urxqg
sod| d vshflf vljqdo %/ wkhq wkh eholhi ri w|sh lq wkh qh{w urxqg/ jlyhq % lv revhuyhg lv
vlpso| Z ohdglqj wr @/ dqg wkxv d srrolqj VH fdq eh vhoi0frquplqj1 Wklv lv wkh pdlq
uhdvrq iru d pdlq glhuhqfh lq uhvxowv ehwzhhq wklv sdshu dqg Qøoghnh dqg Vdpxhovrq*v=
wkdw zh rewdlq vwurqjhu vxssruw iru vhsdudwlqj htxloleulxp wkdq wkh| gr1
71 Orqj Uxq Ehkdylru
Dv h{sodlqhg deryh/ d vwdwh fdq eh vwrfkdvwlfdoo| vwdeoh rqo| li lw ehorqjv wr dq devruelqj
vhw iru  f1 Lw lv wkhuhiruh ri lqwhuhvw wr lghqwli| wkhvh devruelqj vhwv1
7141 Devruelqj vhwv
Ohw %Eu ’ %W
u
c %EM ’ %M eh sduw ri d vhsdudwlqj VH1 Frqvlghu d vwdwh / wkdw uhsruwv
wkdw vljqdo %W
u
zdv dozd|v vhqw e| w|sh u/ dqg dozd|v uhvsrqghg wr e| @E%W
u
c dqg %M zdv
dozd|v vhqw e| w|sh M/ dqg uhvsrqghg wr e| 7@E%M1 Li wkh uhfrugv }
% iru rwkhu vljqdov duh
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vxfk wkdw iru doo srvvleoh vdpsohv/ %W
u
lv ehvw uhvsrqvh iru vhqghu w|sh u/ dqg %M lv ehvw
uhvsrqvh iru w|sh M/ wkhq / lv dq devruelqj vwdwh1 Li d vhqghu ri w|sh u lv gudzq lq wkh
qh{w urxqg/ wkh vljqdo %W
u
zloo eh sod|hg dqg lw zloo eh uhvsrqghg wr e| @E%W
u
 ohdylqj doo
uhfrugv xqfkdqjhg/ dqg vlploduo| li w|sh M lv gudzq/ wkh vljqdo %M zloo eh sod|hg ohdylqj
doo uhfrugv xqfkdqjhg1 Wklv suryhv/









u ’ Euc    c u/ dqg +714,
}%M ’ E7@E%Mc    c 7@E%Mc 
% ’ EMc    cM/
dqg iru dq| vdpsolqj/ %W
u
lv ehvw uhvsrqvh iru d vhqghu ri w|sh u/ dqg %M lv ehvw uhvsrqvh
iru d vhqghu ri w|sh M/ wkhq / lv devruelqj1
Li wkhuh h{lvwv d vhsdudwlqj vhtxhqwldo htxloleulxp/ %Eu ’ %W
u
c %EM ’ %M c wkhq wkhuh duh
lqghhg devruelqj vwdwhv ixooolqj wkh dvvxpswlrqv ri wkh ohppd> mxvw ohw wkh uhfrugv iru
vljqdov % 9’ %M eh }
% ’ E@E%c    c @E% Lq vxfk d vwdwh ehkdylru zloo/ dffruglqj wr wkh
xqshuwxuehg surfhvv/ eh dv lq wkh vhsdudwlqj htxloleulxp doo wkh wlph/ dqg zh vd| wkdw wkh
vwdwh fruuhvsrqgv wr wkh htxloleulxp lq txhvwlrq1
Wkhuh lv dovr dqrwkhu w|sh ri devruelqj vhwv/ zklfk pd| fruuhvsrqg wr srrolqj htxloleuld1
Vxssrvh d vwdwh / kdv ehhq uhdfkhg iru zklfk doo wkh uhfrugv }% iru vljqdov rwkhu wkdq %W
M





v/ wkh ehvw vljqdo iru vhqghuv ri w|sh M zrxog eh %W
M
iru dq| srvvleoh vdpsolqj1 Vr/
vhqghuv ri w|sh M duh fxuuhqwo| orfnhg dw vljqdo %W
M
dffruglqj wr wkh xqshuwxuehg surfhvv1




/ / lv vxfk wkdw % lv qrw iru









u frqwdlqv rqo| @E%W
u
v1 Wkhq dffruglqj wr wkh xqshuwxuehg surfhvv doo iroorzlqj
vwdwhv pxvw dovr kdyh wkhvh surshuwlhv/ vxfk wkdw wkhuh lv dq devruelqj vhw frqvlvwlqj ri
vwdwhv zlwk h{dfwo| wkhvh surshuwlhv/ ehfdxvh doo uhfrugv }%c % iru vljqdov % rwkhu wkdq %W
M
pxvw eh xqfkdqjhg lq doo ixwxuh urxqgv1 Li d w|sh M hqwhuv kh sod|v %W
M
/ zklfk ohdyhv doo
uhfrugv }%c % iru % glhuhqw iurp %W
M
xqdhfwhg/ dqg fdqqrw fkdqjh wkh surshuw| wkdw %W
M
lv ehvw iru w|sh M +lw fdq rqo| dhfw }%
W
M lq d zd| wkdw pdnhv vdpsohv iurp lw ehwwhu wkdq
rqo| @E%W
M




/ dqg jhwv uhvsrqvh
@E%W
u
/ zklfk rqo| frqupv wkh uhfrugv frqfhuqlqj %W
u
dv wkh| duh/ ru kh sod|v %W
M
/ dqg
rewdlqv vrph uhvsrqvh/ zklfk pd| dhfw wkh uhfrugv frqfhuqlqj %W
M
/ exw qrw lq d zd| wkdw
fdq fkdqjh wkh surshuw| wkdw %W
M
lv ehvw iru w|sh M +vlqfh wklv zdv ehiruh ehvw hyhq iru wkh
49
zruvw srvvleoh vdpsolqj frqfhuqlqj %W
M
/ dqg uhfrugv }% iru rwkhu vljqdov kdyh qrw fkdqjhg,1
Vr/ lq doo ixwxuh urxqgv %W
M




lv ehvw iru w|sh u/ dqg
khqfh uhfrugv iru rwkhu vljqdov wkdq %W
M
fdq qhyhu fkdqjh1 Wklv doprvw suryhv wkh ohppd
ehorz/ exw d irupdo surri lv jlyhq lq Dsshqgl{ E/
Ohppd 7151 Dvvxph %W
M















u ’ Euc    c uc dqg
+5, Iru dq| vdpsoh iru vhqghu/ zklfk iru % 9’ %W
M





c    c @E%W
M
c wkh ehvw uhvsrqvh iru w|sh | lv %W
|
iru | ’ ucMc
wkhuh lv h{dfwo| rqh devruelqj vhw vxfk wkdw doo vwdwhv lq wkh vhw kdyh }% ’ 7}%/ dqg % ’ 7%
iru % 9’ %W
M
1
Wkhuh lv dozd|v dw ohdvw rqh devruelqj vhw dv ghvfulehg lq wklv ohppd> mxvw ohw }% dqg % iru
doo vljqdov % glhuhqw iurp %W
M
frqwdlq rqo| @E%*v dqg u*v uhvshfwlyho|> wkhq wkh ohppd*v
dvvxpswlrqv duh ixooohg1 Zh fdoo dq devruelqj vhw dv lq Ohppd 715/ dq %W
M
0devruelqj vhw1




1 Wkhq wkhuh lv lqghhg d srrolqj VH zlwk %Eu ’ %EM ’
%W
M




0devruelqj vhw zloo fruuhvsrqg wr
wklv srrolqj htxloleulxp lq wkh vhqvh wkdw lq dq| vwdwh ri wkh vhw/ erwk w|shv ri vhqghu zloo
fkrrvh %W
M
+wkh uhvsrqvh wr %W
M
/ krzhyhu/ zloo qrw qhfhvvdulo| dozd|v eh lq -EZc %W
M
/ dv
lq wkh htxloleulxp> gxh wr guliw lq lq0htxloleulxp eholhiv lw zloo iurp wlph wr wlph jr forvh
wr @E%W
M
 ru wr @E%W
M
,1




1 Wkhuh pd| ru pd| qrw +ghshqglqj rq Z, eh srrolqj
vhtxhqwldo htxloleuld zkhuh %Eu ’ %EM ’ %/ dqg li wkhuh duh/ wkhuh pd| ru pd| qrw eh
rqh zlwk % ’ %W
M
1 Xqghu doo flufxpvwdqfhv/ krzhyhu/ rqh zloo dffruglqj wr wkh xqshuwxuehg
surfhvv flufxodwh durxqg lq dq %W
M
0devruelqj vhw e| guliw lq lq0htxloleulxp eholhiv dv iroorzv1
Li lq wkh fxuuhqw vwdwh erwk w|shv ri vhqghu kdyh %W
M
dv ehvw vljqdo +iru dq| vdpsolqj,/ wkhq
zlwk srvlwlyh suredelolw| d vx!flhqwo| vwurqj frqfhqwudwlrq ri vhqghuv ri w|sh u zloo hqwhu
wr hqvxuh wkdw }%
W
M lv qdoo| oohg vr pxfk xs zlwk @E%W
M
v/ wkdw wkh ehvw vljqdo ri w|sh u
fkdqjhv wr %W
u
1 Zkhq rqh kdv uhdfkhg vxfk d vwdwh/ rq wkh rwkhu kdqg/ rqh zloo eh eurxjkw
edfn wr d vwdwh ri wkh uvw nlqg zkhq vx!flhqwo| pdq| w|sh Mv kdyh duulyhg/ dqg wkh| gr
qrw kdyh wr frph lq d frqfhqwudwlrq +hyhu| wlph d w|sh M duulyhv dqg sod|v %W
M
/ dq M zloo
;Zh rqo| dvvxph wkdw {
K
lv qrw d vhsdudwlqj vljqdo ehfdxvh/ li lw lv/ wkh devruelqj vhwv ghvfulehg lq
wklv ohppd duh wkh vdph dv wkh devruelqj vwdwhv ghvfulehg lq wkh iruphu1
4:
eh lqvhuwhg lq %
W
M / dqg hyhqwxdoo| %W
M







/ qdoo| fkdqjlqj wkh ehvw vljqdo ri w|sh u edfn wr %W
M
,1
Vr/ lq dq %W
M
0devruelqj vhw vhqghuv ri w|shM zloo sod| %W
M
doo wkh wlph/ zkloh vhqghuv ri w|sh




1 Krzhyhu/ li wkhuh lv d VH zlwk srrolqj rq %W
M
/ uhtxlulqj
dprqj rwkhu wklqjv d vx!flhqwo| odujh Z/ wkhq lqwxlwlrq vxjjhvwv wkdw li wkh vdpsoh vl}h
& lv vx!flhqwo| odujh/ hyhu| %W
M
0devruelqj vhw zloo fruuhvsrqg wr wklv htxloleulxp lq wkh
vhqvh wkdw erwk w|shv ri vhqghu zloo prvw ri wkh wlph sod| %W
M
1 Dv h{sodlqhg deryh/ wr jhw
rxw ri d vwdwh zkhuh wklv lv wkh fdvh uhtxluhv wkdw d qxpehu ri w|sh u*v duulyh lq d urz
+ru frqfhqwudwlrq,/ dqg wklv qxpehu lv odujh zkhq & lv odujh/ dqg wkh hyhqw wkhuhiruh kdv
uhodwlyho| orz suredelolw| +Z lv vpdoo,1 Wr jhw edfn wr d srrolqj vwdwh rqh mxvw kdv wr
zdlw iru hqrxjk w|shM*v/ dqg wkhvh frph zlwk wkh uhodwlyho| kljk suredelolw| Z1 Wkhuhiruh/
lqwxlwlyho|/ li rqh kdv uhdfkhg dq %W
M
0devruelqj vhw dqg wkhuh lv d srrolqj htxloleulxp rq
%W
M
/ wkhq erwk w|shv ri vhqghu zloo prvw ri wkh wlph sod| %W
M
dv lq wkh htxloleulxp li &
lv odujh hqrxjk1 Krzhyhu/ wkh vdph lqwxlwlrq vxjjhvwv wkdw lq rughu wr frph forvh wr wkh
htxloleulxp & pd| kdyh wr eh h{wuhpho| odujh1<
Li wkhuh lv qr srrolqj htxloleulxp rq %W
M
/ wkhq dq %W
M
0devruelqj vhw fdqqrw eh vdlg wr
fruuhvsrqg wr d srrolqj htxloleulxp1 Lq wklv fdvh ehkdylru lq dq %W
M
0devruelqj vhw pruh
uhvhpeohv sod| lq wkh nlqg ri htxloleulxp wkdw zdv deryh fdoohg vhpl0vhsdudwlqj1
Sursrvlwlrq 7161 Wkhuh duh qr rwkhu devruelqj vhwv wkdq wkrvh ghvfulehg lq Ohppd 714
dqg Ohppd 7151
D uvw frqfoxvlrq lv wkdw d srrolqj htxloleulxp zlwk srrolqj rq d vljqdo glhuhqw iurp %W
M
fdqqrw kdyh dq devruelqj vhw wkdw fruuhvsrqgv wr lw1 Wr frqfoxgh ixuwkhu zlwk uhvshfw wr
devruelqj vhwv= Li f7 ’ >/ lpso|lqj %W
M
*5 f7/ wkhq wkhuh duh rqo| %W
M
0devruelqj vhwv1 Lq
wkhvh/ vhqghuv ri w|sh M dozd|v sod| %W
M





vr d vshflf sdwwhuq ri ehkdylru lv frqqhfwhg wr vxfk devruelqj vhwv/ dqg vlqfh doo vwrfkdv0
wlfdoo| vwdeoh vwdwhv duh lq devruelqj vhwv rqh fdq frqfoxgh zlwkrxw h{solflwo| vwxg|lqj wkh
shuwxuehg surfhvv wkdw wklv ehkdylrudo sdwwhuq zloo suhydlo lq wkh orqj uxq1 Lif7 9’ >/ wkhq
wkhuh duh iru hdfk vhsdudwlqj htxloleulxp devruelqj vlqjohwrq vhwv fruuhvsrqglqj wr wkdw
htxloleulxp/ dqg li %W
M
5 f7/ wkhvh duh wkh rqo| devruelqj vhwv/ zkloh li %W
M
*5 f7/ wkhuh
<Mdfrevhq dqg Vorwk +4<<;, vwxg| dq h{dpsoh/ d 5 5 5 hqwu| ghwhuuhqfh jdph dqg dq hyroxwlrqdu|
ohduqlqj surfhvv zlwk n @ p1 Iru wkh h{dpsoh wkh| vwdwh dqg suryh irupdoo| wkh uhvxow wkdw dv n jrhv
wr lqqlw|/ ehkdylru lq wkh {
K
0devruelqj vhw frqyhujhv wr wkh ehkdylru ri wkh {
K
0srrolqj htxloleulxp1
Fdofxodwlrqv uhyhdo wkdw/ hyhq iru wkh vlpsoh h{dpsoh/ d yhu| odujh n pd| eh qhhghg wr jhw uhdvrqdeo|




0devruelqj vhwv1 Vr/ zkhq wkhuh duh vhsdudwlqj htxloleuld lw uhtxluhv h{solflw
lqyhvwljdwlrq ri wkh shuwxuehg surfhvv wr qg zklfk sdwwhuqv ri ehkdylru zloo suhydlo lq wkh
orqj uxq1
7151 Vwrfkdvwlfdoo| vwdeoh vwdwhv
Wkhvh sdwwhuqv duh jlyhq e| wkh vwrfkdvwlfdoo| vwdeoh vwdwhv zklfk fdq eh irxqg e| xvlqj wkh
fkdudfwhul}dwlrq ri \rxqj +4<<6d,/ edvhg rq Iuhlgolq dqg Zhq}hoo +4<;7,*v fkdudfwhul}dwlrq
ri wkh lqyduldqw glvwulexwlrq ri d Pdunry fkdlq1
Ohw X eh wkh vhw ri devruelqj vhwv ghqhg e|  f1 Iru hdfk sdlu ri devruelqj vwdwhv Ec 2c
wkh uhvlvwdqfh lq wkh wudqvlwlrq iurp  wr 2/ lv wkh plqlpdo qxpehu ri suredelolw| 00
wuhpeohv +plvwdnhv2h{shulphqwv2pxwdwlrqv, uhtxluhg iru jrlqj iurp d vwdwh lq wr d vwdwh
lq 21 Iru hdfk devruelqj vhw  5 Xc dq 0wuhh lv d gluhfwhg judsk rq X ixooolqj/ wkdw
wkhuh lv d xqltxh sdwk ri gluhfwhg hgjhv +wudqvlwlrqv, ohdglqj wr  iurp hyhu| rwkhu vwdwh
 5 X/ dqg iurp  wkhuh lv qr rxwjrlqj hgjh1
Reylrxvo|/ iru hdfk  wkhuh fdq eh pdq| 0wuhhv1 Iru hdfk 0wuhh/ fdofxodwh wkh wrwdo
uhvlvwdqfh iru wkh wuhh/ l1h1/ wkh vxp ri uhvlvwdqfhv dorqj lwv hgjhv1 Wkh vwrfkdvwlf srwhqwldo
ri  lv wkh plqlpdo wrwdo uhvlvwdqfh dprqj doo 0wuhhv1 Iurp \rxqj +4<<6d, iroorzv wkdw/
91 Wkh vwrfkdvwlfdoo| vwdeoh vwdwhv duh h{dfwo| wkh vwdwhv zklfk duh lq wkh devruelqj vhwv
zlwk plqlpdo vwrfkdvwlf srwhqwldo1
Li wkh vljqdoolqj jdph xqghu frqvlghudwlrq kdv vhsdudwlqj VH/ d Uloh| vwdwh lv dq devrue0
lqj vwdwh wkdw fruuhvsrqgv wr wkh Uloh| htxloleulxp/ dqg Xo lv wkh vhw ri wkh devruelqj
+vlqjohwrq, vhwv hdfk frqvlvwlqj ri d Uloh| vwdwh1
Ohppd 7171 Li f7 9’ >/ wkhq iru hdfk devruelqj vhw / wkdw lv qrw d Uloh| vwdwh/ wkhuh
h{lvwv d Uloh| vwdwh // dqg d sdwk iurp  wr // vxfk wkdw wkh uhvlvwdqfh lv rqh lq hdfk
wudqvlwlrq dorqj wklv sdwk1
D irupdo surri lv jlyhq lq Dsshqgl{ E/ exw wkh lqwxlwlrq lv vlpsoh1 Frqvlghu dq devruelqj
vwdwh / dv ghvfulehg lq Ohppd 714/ fruuhvsrqglqj wr d vhsdudwlqj htxloleulxp/ %Eu ’ %W
u
/
%EM ’ %M / glhuhqw iurp wkh Uloh| rqh/ %M 9’ o1 Iru vlpsolflw| dvvxph wkdw / lv wkh
sduwlfxodu vwdwh wkdw iru doo vljqdov % 9’ %M / lqfoxglqj o/ kdv wkh uhfrugv }% frqvlvwlqj
hqwluho| ri @E%v/ dqg wkh uhfrugv % frqvlvwlqj hqwluho| ri uv1 Frqvlghu rqh wuhpeoh e| d
vhqghu ri w|sh M/ vhqglqj o lqvwhdg ri %M 1 Wklv zloo lqvhuw dq M dv odvw hohphqw lq 
o/ dqg
4<
qrw jlyh ulvh wr dq| rwkhu fkdqjhv ri uhfrugv1 Wkh qhz vwdwh / zloo dovr eh devruelqj dqg
fruuhvsrqg wr wkh vdph htxloleulxp dv glg /1 Vr/ rqh kdv pryhg iurp rqh devruelqj vhw wr
dqrwkhu e| rqh wuhpeoh1 Iurp // frqvlghu djdlq rqh wuhpeoh ri d vhqghu ri w|shM/ sod|lqj
o1 Wklv zloo lqvhuw d vhfrqg M lq o/ dqg +prvw suredeo|, ghqh d qhz devruelqj vwdwh
// vwloo fruuhvsrqglqj wr wkh vdph vhsdudwlqj htxloleulxp1 Diwhu d qxpehu ri wuhpeohv
wkhuh zloo eh vr pdq| M*v lq o/ wkdw wkh uhfhlyhuv zloo +zlwk srvlwlyh suredelolw|, ehjlq
wr uhvsrqg zlwk @Eo wr wkh o*v sod|hg e| wuhpeoh1 Ixuwkhu wuhpeohv e| vhqghuv ri w|sh
M sod|lqj o zloo wkhq ehjlq wr lqvhuw @Eo*v lq }o/ djdlq ohdglqj/ wuhpeoh e| wuhpeoh/ wr
qhz devruelqj vwdwhv fruuhvsrqglqj wr wkh vdph rog vhsdudwlqj htxloleulxp1 Hyhqwxdoo|/
krzhyhu/ wkhuh zloo eh vr pdq| @Eo*v lq }o/ wkdw iru vrph vdpsohv iurp lw/ o zloo eh wkh ehvw
vljqdo iru vhqghuv ri w|sh M/ dqg rqh zloo qrz jr wr d Uloh| vwdwh zlwkrxw ixuwkhu wuhpeohv1
Vr/ rqh kdv jrqh doo wkh zd| wr d Uloh| vwdwh iurp devruelqj vhw wr devruelqj vhw e| rqo|
rqh wuhpeoh dw d wlph1 Li rqh vwduwv iurp dq %W
M
0devruelqj vhw/ d vlplodu dujxphqw dssolhv/
exw khuh guliw lq lq0htxloleulxp eholhiv lv lpsruwdqw1 Zlwkrxw dq| wuhpeohv wkh surfhvv zloo





v/ dqg iurp vxfk vwdwhv wkh wudqvlwlrq ryhu devruelqj vhwv e| rqh wuhpeoh dw d
wlph doo wkh zd| wr d Uloh| vwdwh lv vlplodu1
Ohppd 7181 Li f7 9’ >/ wkhq iru & vx!flhqwo| odujh/ iru hdfk Uloh| vwdwh // dqg hdfk
devruelqj vhw / wkdw grhv qrw frqvlvw ri d Uloh| vwdwh/ wkhuh lv uhvlvwdqfh dw ohdvw wzr ri
jrlqj iurp i/j wr 1
Wklv lv suryhg e| fkhfnlqj wkdw diwhu dq| vlqjoh wuhpeoh iurp d Uloh| vwdwh/ wkh surfhvv zloo
zlwk suredelolw| rqh jr edfn wr d Uloh| vwdwh +wkh ruljlqdo vwdwh ru dqrwkhu rqh,1 D pdlq
lqwxlwlrq lv wkdw rqh fdqqrw jr dzd| iurp d Uloh| vwdwh dqg doo wkh zd| wr dq devruelqj
vhw wkdw lv qrw d Uloh| vwdwh/ lq wkh vdph zd| +ghvfulehg deryh, dv rqh fdq jr dzd| iurp
dq devruelqj vwdwh fruuhvsrqglqj wr d qrq0Uloh| vhsdudwlqj htxloleulxp dqg doo wkh zd|
wr d Uloh| vwdwh/ wkdw lv/ mxpslqj iurp devruelqj vhw wr devruelqj vhw e| rqh wuhpeoh dw
d wlph1 Dvvxph wkdw vhqghuv ri w|sh M e| plvwdnh ehjlq wr sod| vrph rwkhu vhsdudwlqj
vljqdo % lqvwhdg ri o1 Wklv zloo lqghhg e| rqh plvwdnh dw d wlph ohdg wr qhz Uloh| vwdwhv
dqg hyhqwxdoo| lqvhuw @E%v lqwr }%1 Krzhyhu/ hyhq zkhq }% frqvlvwv hqwluho| ri @E%v/ lw zloo
vwloo/ e| ghqlwlrq ri o/ eh ehvw uhvsrqvh iru vhqghuv ri w|sh M wr sod| o iru dq| vdpsolqj1
Dw wkh hqg ri wkh fkdlq ri devruelqj vhwv/ rqh lv vwloo dw d Uloh| vwdwh1 Dqrwkhu lpsruwdqw
lqwxlwlrq lv wkdw rqh plvwdnh e| d uhfhlyhu jlylqj wkh edg uhvsrqvh @Eo wr vljqdo o/ fdqqrw
fkdqjh wkh ehvw uhvsrqvh iru vhqghuv ri w|sh M dzd| iurp o/ dv orqj dv & lv vx!flhqwo|
odujh/ exw qrwh wkdw riwhq d prghudwh vl}hg & zloo vx!fh1
53
Ohppd 7191 Dvvxph wkdw wkh vhw X ri devruelqj vhwv fdq eh sduwlrqhg lqwr wzr vxevhwv
X dqg X2 vxfk wkdw/
+4, iurp dq| devruelqj vhw  5 X2/ wkhuh lv d sdwk hqglqj lq vrph  5 X/ vxfk wkdw doo
wudqvlwlrqv dorqj wkh sdwk kdyh uhvlvwdqfh rqh/ dqg
+5, iru dq| sdlu ri devruelqj vhwv  5 X/ 2 5 X2 wkh wudqvlwlrq iurp  wr 2 kdv
uhvlvwdqfh dw ohdvw wzr1
wkhq doo vwrfkdvwlfdoo| vwdeoh vwdwhv duh hohphqwv lq devruelqj vhwv lq X1
Ohppd 717 0 Ohppd 719 lpso| wkdw li wkh jdph kdv vhsdudwlqj VH/ wkhq rqo| vwdwhv
fruuhvsrqglqj wr wkh Uloh| htxloleulxp fdq eh vwrfkdvwlfdoo| vwdeoh/ vlqfh Ohppd 717 dqg
Ohppd 718 hqvxuh wkdw Ohppd 719 fdq eh dssolhg zlwkX ’ Xo/ dqgX2 ’ XqXo1 Vlqfh zh
douhdg| nqrz zklfk vwdwhv duh vwrfkdvwlfdoo| vwdeoh li wkh jdph kdv qr vhsdudwlqj htxloleuld/
wklv suryhv/
Wkhruhp 71:1 Frqvlghu d vljqdoolqj jdph ixooolqj dvvxpswlrqv D4 dqg D51
+4, Li wkh jdph kdv vhsdudwlqj VH/ dqg & lv vx!flhqwo| odujh/ wkhq rqo| ehkdylru lq dffru0
gdqfh zlwk wkh Uloh| htxloleulxp zloo eh revhuyhg iuhtxhqwo| lq wkh orqj uxq1
+5, Li wkh jdph grhv qrw kdyh d vhsdudwlqj VH/ wkhq wkh rqo| ehkdylru wkdw zloo eh revhuyhg
iuhtxhqwo| lq wkh orqj uxq lv wkdw vhqghuv ri w|sh M sod| %W
M
doo wkh wlph/ zkloh vhqghuv ri






Wkh pdlq frqfoxvlrq iurp rxu dqdo|vlv lv wkdw iru prqrwrqh vljqdoolqj jdphv zlwk vhsd0
udwlqj htxloleuld rqo| ehkdylru lq dffrugdqfh zlwk wkh Uloh| htxloleulxp zloo eh revhuyhg
iuhtxhqwo| lq wkh orqj uxq li sod|huv ohduq dqg wuhpeoh dv dvvxphg lq wkh ghqlwlrq ri rxu
ohduqlqj surfhvv1
Lw lv ri lqwhuhvw wr frpsduh rxu vhohfwlrq wr wkdw rewdlqhg e| uhqhphqw frqfhswv edvhg
rq lpsrvlqj uhvwulfwlrqv rq rxw0ri0htxloleulxp eholhiv1 Iru jdphv wkdw gr kdyh vhsdudw0
lqj htxloleuld rxu vhohfwlrq lv vwurqjhu1 Iru lqvwdqfh/ rxu vhohfwlrq lq idyru ri wkh Uloh|
htxloleulxp dovr krogv lq wkh vlwxdwlrq zhoo0nqrzq iurp hfrqrplfdoo| uhohydqw +hqwu| gh0
whuuhqfh, jdphv/ zkhuh wkhuh lv d srrolqj htxloleulxp zklfk lv ehwwhu iru erwk w|shv ri
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vhqghu wkdq wkh Uloh| htxloleulxp/ dqg zkhuh wkh Lqwxlwlyh Fulwhulrq/ dowkrxjk lw grhv vh0
ohfw lq idyru ri wkh Uloh| htxloleulxp dprqj wkh vhsdudwlqj htxloleuld/ grhv qrw holplqdwh
wklv jrrg srrolqj htxloleulxp1 Fkr dqg Vreho +4<<3, vkrz wkdw iru vljqdoolqj jdphv
wkdw duh prqrwrqh lq rxu vhqvh dqg ixooo dq dgglwlrqdo dvvxpswlrq rq wkh frvwolqhvv ri
vljqdoolqj +edvlfdoo| wkdw vljqdov fdq eh rughuhg vxfk wkdw iru jlyhq dfwlrqv ri uhfhlyhuv wkh
kljk w|sh suhihuv kljkhu vljqdov wkdq wkh orz w|sh,/ wkh glylqlw| fulwhulrq G4 ri Fkr dqg
Nuhsv +4<;9, vhohfwv wkh Uloh| htxloleulxp zkhqhyhu wkhuh duh vhsdudwlqj htxloleuld1 Vlqfh
wkh hfrqrplfdoo| uhohydqw jdphv zh nqrz ri gr ixooo Fkr dqg Vreho*v frvw ri vljqdoolqj
dvvxpswlrq/ wkhlu vhohfwlrq dqg rxuv duh lghqwlfdo lq vxfk jdphv +exw rewdlqhg e| frp0
sohwho| glhuhqw phwkrgv,1 Krzhyhu/ rqh fdq frqvwuxfw h{dpsohv ri wzr w|sh vljqdoolqj
jdphv wkdw duh prqrwrqh dqg kdyh erwk srrolqj dqg vhsdudwlqj vhtxhqwldo htxloleuld iru
zklfk fulwhulrq G4 grhv qrw holplqdwh doo srrolqj htxloleuld dqg hyhq h{dpsohv zkhuh rqo|
srrolqj htxloleuld vxuylyh G4/ vhh Dsshqgl{ D1 Lq wkhvh h{dpsohv rxu ohduqlqj surfhvv vwloo
vhohfwv xqdpeljxrxvo| lq idyru ri wkh Uloh| htxloleulxp1 Iru srrolqj htxloleuld/ zkhqhyhu
rxu ohduqlqj surfhvv srlqwv wr rqh +lq d prqrwrqh vljqdoolqj jdph, lw kdv wr lqyroyh srro0
lqj rq wkh vljqdo %W
M
/ zkhuhdv/ zkhqhyhu fulwhulrq G4 vhohfwv d srrolqj htxloleulxp +lq d
prqrwrqh jdph dovr ixooolqj wkh frvw ri vljqdoolqj dvvxpswlrq, lw kdv wr lqyroyh srrolqj
rq wkh kljkhvw ri doo vljqdov/ vhh Fkr dqg Vreho +4<<3,1
Vlqfh iru prqrwrqh vljqdoolqj jdphv fulwhulrq G4 jlyhv wkh vdph vhohfwlrq dv jhqhudoo|
vwurqjhu ghylfhv vxfk dv Qhyhu Zhdn Ehvw Uhvsrqvh doo wkh zd| xs wr Vwudwhjlf Vwdelolw|/
Nrkoehuj dqg Phuwhqv +4<;9,/ lw iroorzv wkdw wkh htxloleulxp vhohfwlrq rewdlqhg e| hyr0
oxwlrqdu| ohduqlqj lv vwurqjhu wkdq/ dqg rqo| sduwo| lq dffrugdqfh zlwk/ wkdw rewdlqhg e|
nqrzq udwlrqdolw| edvhg vhohfwlrq ghylfhv
Wkh prwlydwlrq ri rxu prqrwrqlflw| dvvxpswlrq lv pdlqo| wkdw lw hqfrpsdvvhv prvw vlj0
qdoolqj jdphv vwxglhg iru hfrqrplf uhdvrqv lq wkh olwhudwxuh1 Lw lv/ qhyhuwkhohvv/ ri lqwhuhvw
wr lqyhvwljdwh li prqrwrqlflw| lv ixqgdphqwdo iru wkh vhohfwlrq ehlqj vr vwurqjo| lq idyru ri
vhsdudwlqj htxloleuld1
Lqghhg lw lv1 Iljxuh 814 glvsod|v d 2 2 2 vljqdoolqj jdph lq h{whqvlyh irup143 Qrwh wkdw
wkh jdph lv qrw prqrwrqh= Li wkh vhqghu lv ri w|sh u/ kh suhihuv dfwlrq xs lq uhvsrqvh wr
vljqdo ohiw/ dqg dfwlrq grzq lq uhvsrqvh wr vljqdo uljkw/ zklfk lv uxohg rxw e| D41 Dovr/
w|sh u glvolnhv wkh uhvsrqvh xs diwhu vljqdo uljkw/ exw xs lv wkh uhvsrqvh wkdw wkh uhfhlyhu
zloo jlyh li kh eholhyhv wkdw wkh vhqghu lv w|sh M1 Lq idfw w|sh u glvolnhv wklv uhvsrqvh hyhq
pruh wkdq w|sh M glvolnhv wkh uhvsrqvh grzq/ lq wkh vhqvh wkdw wkhuh duh vdpsohv diwhu ohiw
vxfk wkdw w|sh u zrxog sod| ohiw jlyhq wkh vdpsoh li kh eholhyhv wkh uhvsrqvh diwhu uljkw wr
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Wklv h{dpsoh lv ruljlqdoo| iurp Mhqvhq +4<<9,1
55
Iljxuh 814=
eh xs/ exw w|sh M zrxog sod| uljkw jlyhq wkh vdpsoh hyhq li kh eholhyhv wkdw wkh uhvsrqvh
diwhu uljkw lv grzq1
Wkh jdph kdv wzr vhtxhqwldo htxloleuld lq sxuh vwudwhjlhv/ d vhsdudwlqj rqh zkhuh wkh vhqghu
jrhv ohiw li ri w|shM +dqg rewdlqv dfwlrq xs lq uhvsrqvh,/ dqg uljkw li ri w|sh u +dqg rewdlqv
grzq lq uhvsrqvh,/ dqg d srrolqj rqh zkhuh wkh vhqghu jrhv uljkw lqghshqghqwo| ri w|sh
+dqg erwk vljqdov duh uhvsrqghg wr e| grzq,1
Mhqvhq +4<<9, vkrzv wkdw li & lv vx!flhqwo| odujh/ wkhuh duh vwrfkdvwlfdoo| vwdeoh vwdwhv wkdw
fruuhvsrqg wr wkh srrolqj htxloleulxp/ exw qrqh wkdw fruuhvsrqg wr wkh vhsdudwlqj htxlole0
ulxp1 Wkhuh duh devruelqj vhwv iru f fruuhvsrqglqj wr erwk wkh srrolqj htxloleulxp dqg
wkh vhsdudwlqj +Uloh|, htxloleulxp1 Krzhyhu/ zkhq wuhpeohv duh frqvlghuhg wkh vhsdudwlqj
htxloleulxp wxuqv rxw wr eh pruh iudjloh wkdq wkh srrolqj1 Pxwdwlrqv pd| fkdqjh wkh
r0sdwk eholhiv lq vwdwhv fruuhvsrqglqj wr wkh srrolqj htxloleulxp vxfk wkdw guliw lq lq0
htxloleulxp eholhiv +l1h1/ e| wkh f0surfhvv, pd| ohdg wr d vwdwh zkhuh vrph w|sh ri vhqghu
kdv ohiw dv d ehvw uhvsrqvh1 Wklv kdsshqv uvw e| fkdqjlqj wkh ehvw uhvsrqvh iru w|sh u/
ohdglqj wr d vwdwh iurp zklfk 0 diwhu d orw ri w|sh u vhqghuv kdyh hqwhuhg dqg sod|hg ohiw 0
uhfhlyhuv* eholhi diwhu ohiw fkdqjhv lq wkh gluhfwlrq ri u dqg khqfh wkh ehvw uhvsrqvh diwhu























Iljxuh D14= Wkh suredelolw| ri vhqghu ehlqj w|sh M lv 
e
1
uhvwrulqj wkh srrolqj htxloleulxp1
D1 H{dpsoh
Frqvlghu wkh vljqdoolqj jdph zlwk sd|rv dv lq Iljxuh D14
Wkh jdph kdv srrolqj htxloleuld zkhuh erwk w|shv vhqg vljqdo %c dqg vhsdudwlqj htxloleuld
zkhuh w|sh u vhqgv % dqg w|sh M vhqgv %21
Lq srrolqj htxloleulxp vwudwhjlhv dqg eholhiv E%Ec @Ec >E ixooo=
Vhqghu= %EM ’ %Eu ’ %
Eholhiv= >E% 5 dfc






Uhfhlyhu= @E% ’ @c @E%2 5 i@c @2c @jc dqg @E% ’ @
Wkh vhsdudwlqj htxloleuld duh vwudwhjlhv dqg eholhiv E%Ec @Ec >E ixooolqj=
Vhqghu= %EM ’ %2c dqg %Eu ’ %




Uhfhlyhu= @E% ’ @c @E%2 ’ @c dqg @E% ’ @
Vlqfh wkh jdph vdwlvhv dvvxpswlrqv D4 dqg D5/ Wkhruhp 71: jlyhv wkdw doo vwrfkdvwlfdoo|
vwdeoh vwdwhv ri wkh jdph fruuhvsrqg wr wkh xqltxh vhsdudwlqj htxloleulxp rxwfrph1
Frqvlghu vrph htxloleulxp ri wkh jdph/ dqg ohw WE| eh vhqghu w|sh |*v sd|r lq wkh
htxloleulxp1 Iru hdfk xqxvhg vljqdo % dqg hdfk w|sh | ghqh wkh iroorzlqj vhwv=  E|m% ’
i@ 5 mWE| 	 E|c %c @j Wkxv  E|m% lv wkh vhw ri +sxuh, dfwlrqv iurp uhfhlyhu wkdw jlyhv
vhqghu w|sh | d kljkhu sd|r wkdq wkh htxloleulxp sd|r jlyhq vhqghu vhqgv vljqdo %1
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Wkh htxloleulxp vdwlvi| wkh G4 fulwhulrq ri Fkr dqg Nuhsv +4<;9, dqg Fkr dqg Vreho
+4<<3, li iru doo xqxvhg vljqdov % dqg doo w|shv |c |c zlwk | 9’ |c wkh iroorzlqj lv vdwlvhg=
Li  E|m%   E|m% wkhq >|E% ’ f
Iluvw frqvlghu wkh vhsdudwlqj htxloleuld1 Wkh rqo| xqxvhg vljqdo lv % Lw iroorzv wkdw
 Eum% ’ i@j/ dqg  EMm% ’ i@2c @j1 Vr iru wkh htxloleulxp wr vdwlvi| G4 zh pxvw
kdyh >E% ’  Exw wklv lv lq frqwudglfwlrq wr wkh htxloleulxp frqvwudlqwv1 Wkxv/ hyhu|
vhsdudwlqj htxloleulxp ylrodwhv G41
Wkhq orrn dw wkh srrolqj htxloleuld1 Erwk % dqg %2 duh xqxvhg1 Lw iroorzv wkdw  EMm% ’
 EMm%2 ’  Eum%2 ’ >/ dqg  Eum% ’ i@2c @j1 Vr/ G4 jlyhv wkh uhvwulfwlrq >E% ’ f1
Wklv lv qrw lq frqwudglfwlrq wr wkh srrolqj htxloleuld/ vr zh frqfoxgh wkdw rqo| srrolqj
htxloleuld vxuylyh wkh G4 fulwhulrq1
Li wkh sd|r iru vhqghu lq fhoo EMc %c @2 lv fkdqjhg wr 9 +wr d qxpehu ehwzhhq 4 dqg :,/
wkhq wkh vhsdudwlqj htxloleuld zloo vxuylyh G41 Lq wklv fdvh wkh vhw  EMm% ’ i@j/ dqg
wkhuhiruh wkhuh lv qr uhvwulfwlrq rq eholhiv diwhu vljqdo %1 Lq wklv fdvh erwk wkh srrolqj dqg
wkh vhsdudwlqj htxloleuld ixooo G41
E1 Surriv
Surri ri Ohppd 715
Ohw / ’ E}c  eh d vwdwh zkhuh }% ’ 7}% dqg % ’ 7% iru % 9’ %WM c dqg +4, dqg +5, lq Ohppd
715 duh ixooohg1
Li wkh vhqghu lv ri w|sh M lq wkh vxffhhglqj urxqg/ kh zloo sod| %WM 1 Wklv lv ehvw uhso|
vlqfh/ iurp +5,/ hyhq li wkh zruvw srvvleoh vdpsoh iurp }%
W
M lv gudzq/ wkh ehvw uhvsrqvh lv
%WM / dqg wkxv wklv lv dovr wuxh iru dq| rwkhu vdpsoh +e| D5,1 Vr diwhu wklv urxqg doo uhfrugv
iru vljqdov glhuhqw iurp %WM uhpdlq xqfkdqjhg1
Li wkh vhqghu lv ri w|sh u lq wkh vxffhhglqj urxqg/ kh zloo sod| %Wu ru %
W
M / vlqfh/ iurp +5,/
%Wu lv d ehwwhu uhvsrqvh wkdq dq| rwkhu vljqdo glhuhqw iurp %
W
M 1 Li %
W
u lv wkh ehvw uhvsrqvh/
dqg %Wu 9’ %
W
M / wkhq uhfhlyhu zloo uhvsrqg e| @E%
W
u/ vlqfh/ iurp +4, dq| vdpsoh iurp 
%W
u
zloo whoo klp wkdw %Wu fdph iurp d w|sh u1 Khqfh qr uhfrugv zloo fkdqjh1 Li %
W
M lv wkh ehvw
uhvsrqvh rqo| wkh uhfrugv iru wkdw vljqdo fdq fkdqjh1
Wkxv/ li d vwdwh ixooov wkh dvvxpswlrqv ri Ohppd 715/ doo lwv vxffhhglqj vwdwhv ixooo wkh
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vdph dvvxpswlrqv1 Zh frqfoxgh wkdw dw ohdvw rqh devruelqj vhw h{lvwv zkhuh iru doo vwdwhv
}% ’ 7}% dqg % ’ 7% iru % 9’ %WM 1
Wr vhh wkdw rqo| rqh devruelqj vhw h{lvwv iru hdfk srvvleoh fkrlfh ri 7}%c 7%/ qrwh wkdw iru
dq| vwdwh / ’ E}c / zkhuh }% ’ 7}% dqg % ’ 7% iru % 9’ %WM c dqg +4, dqg +5, lq Ohppd 715
duh ixooohg/ wkhuh lv srvlwlyh suredelolw| ri uhdfklqj wkh vwdwh zkhuh }% ’ 7}% dqg % ’ 7%
iru % 9’ %WM c dqg }
%W




M ’ EMc   Mc qdpho| e| gudzlqj w|sh
M lq 26 urxqgv lq d urz1
Surri ri Sursrvlwlrq 716
Iru dq| vwdwh / ’ E}c c dqg dq| vljqdo %c ohw |E%m/ eh wkh h{shfwhg sd|r wr d vhqghu
w|sh | iurp vhqglqj vljqdo %/ zkhq wkh vdpsoh iurp }% lv wkh ehvw srvvleoh/ wkdw lv/ frqvlvwv
ri wkh & kljkhvw dfwlrqv olvwhg lq }%1
Ohppd E141 Iru hdfk / 5 l/ ohw /A eh d vwdwh wkdw fdq eh uhdfkhg li wkh vhqghu lv ri
w|sh u lq doo ri wkh qh{w A urxqgv/ dqg lq doo ri wkrvh urxqgv iru hyhu| vljqdo slfnv wkh
ehvw srvvleoh vdpsoh1 Wkhuh h{lvwv A 	4/ vxfk wkdw iru hyhu| vwdwh / 5 l/











A ’ Euc    c uc +E14,
dqg %Wu lv wkh ehvw uhvsrqvh iru d vhqghu ri w|sh u iru doo srvvleoh vdpsohv iurp }A 1
+e, |E%m/  |E%m/A  iru doo % 5 f / | ’ Mcu/ zlwk vwulfw lqhtxdolw| iru doo vljqdov % 9’ %Wu
wkdw zhuh sod|hg gxulqj wkh A urxqgv1
Surri= Vwduw lq dq duelwudu| vwdwh /1 Ohw w|sh u eh gudzq lq hdfk ri wkh qh{w A ’ 26?
urxqgv/ dqg dvvxph wkdw lq hdfk ri wkhvh urxqgv wkh vhqghu slfnv wkh ehvw srvvleoh vdpsoh
iru hdfk vljqdo1 Li wkh vhqghu lv w|sh u dqg kdv fkrvhq wkh vdph vljqdo % lq 26 urxqgv
+zlwkrxw dq| vhqghu ri w|sh M fkrrvlqj lw,/ lw pxvw eh wkh fdvh wkdw }% ’ E@E%c    c @E%/
dqg % ’ Euc    c u1 Qrwlfh wkdw li iru vrph vljqdo %/ }% ’ E@E%c    c @E%/ vljqdo % fdq
eh ehvw uhso| iru d vhqghu w|sh u rqo| li % ’ %Wu1 Wkxv vljqdov % 9’ %
W
u fdq eh sod|hg lq
dw prvw 26 urxqgv gxulqj wkh A urxqgv/ dqg diwhu A urxqgv wkh ehvw uhvsrqvh ri wkh ehvw
srvvleoh vdpsoh +dqg khqfh iru doo vdpsohv, iru w|sh u zloo eh %Wu/ dqg +d, zloo eh ixooohg1
Iru dq| % wkdw zdv qrw vhqw lq dq| ri wkh A urxqgv/ lw pxvw eh wkh fdvh wkdw wkh uhfrug
}% lv xqfkdqjhg/ dqg wkhq wkh ehvw h{shfwhg sd|r lv dovr xqfkdqjhg/ |E%m/ ’ |E%m/A 1
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Frqvlghu vrph vljqdo % 9’ %Wu wkdw zdv vhqw lq vrph urxqg/ dqg wkxv rswlpdo +jlyhq ehvw
vdpsohv, lq wkdw urxqg/ vd| urxqg  1 Li wkh uhvsrqvh wr % lq urxqg  zhuh vxfk wkdw wkh
ehvw h{shfwhg sd|r iurp vhqglqj vljqdo % lqfuhdvhg/ wkhq % lv dovr ehvw lq urxqg  n 
+jlyhq ehvw vdpsohv,/ ehfdxvh wkh uhfrugv iru doo rwkhu vljqdov duh xqfkdqjhg1 Vljqdo %
zloo uhpdlq ehlqj ehvw +jlyhq ehvw vdpsohv lq hyhu| urxqg, dw ohdvw xqwlo wkh ehvw h{shfwhg
sd|r iurp vhqglqj % lv vwulfwo| ohvv wkdq lw zdv lq urxqg   Wklv suryhv +e, iru % 9’ %Wu1
Iru %Wu qrwh wkdw |E%
W










um fdqqrw kdyh lqfuhdvhg iurp / wr /A 1
Ohppd E151 Iru hdfk / 5 l/ ohw /' eh dq| vwdwh wkdw fdq eh uhdfkhg li wkh vhqghu lv ri
w|sh M lq doo ri wkh qh{w ’ urxqgv/ dqg lq doo ri wkrvh urxqgv iru hyhu| vljqdo slfnv wkh
ehvw srvvleoh vdpsoh1 Wkhuh h{lvwv d vljqdo % lq f/ dqg d ’ 	 4/ vxfk wkdw iru hyhu|
vwdwh / 5 l/




c    c 7@E%/ dqg %

' ’ EMc    cMc +E15,
dqg % lv wkh ehvw uhvsrqvh iru wkh vhqghu ri w|sh M iru doo srvvleoh vdpsohv iurp }'1
+e, |E%m/  |E%m/' iru doo % 9’ %/ | ’ Mcu/ zlwk vwulfw lqhtxdolw| iru vljqdov % 9’ %
wkdw zhuh sod|hg gxulqj wkh ’ urxqgv1
Surri= Dv wkh surri ri Ohppd E141
Qrwh/ wkdw diwhu wkh ’ urxqgv ri sod|/ % lv ehvw uhvsrqvh jlyhq dq| vdpsoh iru w|sh M1
Wr frqfoxgh iurp Ohppd E14 dqg Ohppd E15/ lq dq| devruelqj vhw ri wkh surfhvv wkhuh
pxvw eh dw ohdvw rqh vwdwh zlwk surshuw| +E14, dqg rqh zlwk surshuw| +E15,1
Surri ri sursrvlwlrq 716 Ohw wkh surfhvv eh lq dq duelwudu| vwdwh / 5 l1 Vxssrvh lq
wkh iroorzlqj wkdw wkh vhqghu dozd|v slfnv wkh ehvw srvvleoh vdpsoh iru hdfk vljqdo1 Wklv
kdsshqv zlwk vwulfwo| srvlwlyh suredelolw|1
41 Ohw A eh dv lq Ohppd E141 Wkhuh lv d vwulfwo| srvlwlyh suredelolw|/ wkdw w|sh u lv
gudzq lq wkh qh{w A urxqgv/ dqg wkdw wkh uhfhlyhu vdpsohv doo srvvleoh Mv lq wkh uvw
& urxqgv/ dqg vdpsohv doo srvvleoh uv lq wkh uhpdlqlqj urxqgv1
Ohppd E14 lpsolhv wkdw wkh surfhvv uhdfkhv d vwdwh/ /A / zlwk surshuw| +E14,/ zkhuh
|E%m/  |E%m/A  iru doo vljqdov zlwk vwulfw lqhtxdolw| iru doo vljqdov glhuhqw iurp
%Wu xvhg gxulqj wkh A urxqgv1
5:
51 Ohw ’ eh dv lq Ohppd E151 Zlwk vwulfwo| srvlwlyh suredelolw| w|sh M lv gudzq lq
wkh qh{w ’ urxqgv/ dqg wkh uhfhlyhu vdpsohv doo srvvleoh uv lq hdfk ri wkhvh urxqgv1
Ohppd E15 lpsolhv wkdw wkh surfhvv wkhq uhdfkhv d vwdwh/ /An'/ zlwk surshuw| E15
iru vrph % 5 f/ zkhuh |E%m/A   |E%m/An' zlwk vwulfw lqhtxdolw| iru doo xvhg
vljqdov glhuhqw iurp %1
Frqvlghu wkh vwdwh /An' ’ E}An'c An'1 Wkhuh duh wzr srvvleoh fdvhv/ +l, Vljqdo %
W
u zdv
sod|hg e| w|sh M lq vrph urxqg lq skdvh 5/ dqg +ll, Vljqdo %Wu zdv qhyhu sod|hg e| w|sh
M lq skdvh 51
+l, Vljqdo %Wu zdv sod|hg e| w|sh M lq vrph urxqg lq skdvh 51 Lq wkh uvw urxqg zkhuh





u e| skdvh 4 dqg Ohppd E141 Wklv lpsolhv wkdw lw pxvw eh wkh fdvh wkdw
%Wu ’ %
W
M / dqg vlqfh w|sh M slfnv wkh ehvw srvvleoh vdpsoh diwhu hdfk vljqdo lq hdfk urxqg
lw pxvw eh wkh fdvh wkdw %Wu lv wkh ehvw uhvsrqvh iru doo vxffhhglqj w|sh Mv dv zhoo vxfk
wkdw % ’ %Wu Lq vwdwh /An' lw pxvw dovr eh wkh fdvh wkdw %
W
u lv wkh ehvw vljqdo iru w|sh u
iru dq| srvvleoh vdpsoh/ vlqfh %Wu zdv d ehvw uhvsrqvh iru doo srvvleoh vdpsohv iru w|sh u lq
vwdwh /A e| skdvh 4 dqg Ohppd E14/ dqg uE%m/A   uE%m/An' iru doo vljqdov glhuhqw
iurp %Wuc dqg wkh xwlolw| wr w|sh u ri sod|lqj vljqdo %
W
u lv kljkhu wkdq lq vwdwh /A / zkhuh lw
zdv dw wkh orzhvw srvvleoh1 Wkxv wkh surfhvv kdv uhdfkhg dq %WM0devruelqj vhw1












An' ’ Euc c u/ }
%
An' ’ E7@E%
c    c 7@E% dqg %

An' ’
EMc    cM1 Qrz wkhuh duh wzr srvvleoh vxefdvhv/ +d, Euc %Wuc @E%
W
u : Euc %
c 7@E% dqg
+e, Euc %Wuc @E%
W
u 	 Euc %
c 7@E%1
+d, Lq fdvh Euc %Wuc @E%
W
u : Euc %
c 7@E%/ vwdwh /An' fruuhvsrqgv wr d vhsdudwlqj htxl0
oleulxp zkhuh wkh ehvw uhvsrqvh iru doo srvvleoh vdpsohv +lqfoxglqj wkh ehvw vdpsohv, ri
vhqghu w|sh u lv %Wu/ dqg ri Vhqghu w|sh M lv %
1 Wklv vwdwh lv devruelqj e| Ohppd 7141
+e, Lq fdvh Euc %Wuc @E%
W
u 	 Euc %
c 7@E% wkh ehvw uhvsrqvh iru doo srvvleoh vdpsohv iru
erwk w|shv ri vhqghu lq vwdwh /An' lv %
1 Wkhq zlwk srvlwlyh suredelolw| skdvh 4 dqg skdvh
5 duh uhshdwhg rqfh pruh ohdglqj wr d vwdwh /2EAn'1
Dv orqj dv wkh vhqghu lq skdvh 4 vdpsohv rqo| 7@E%u*v diwhu %

u/ wkhq lw lv ehvw uhvsrqvh
iru wkh vhqghu w|sh u wr sod| %1 Gxulqj wkh uvw & urxqgv wkh uhfhlyhu vdpsohv rqo| Mv
lq %

/ dqg sod|v 7@E%u Iru wkh uhpdlqlqj ri skdvh 4 wkh uhfhlyhu vdpsohv rqo| uv lq 
% /
dqg sod|v @E%1 Diwhu wkh uvw 6 urxqgv/ wkh vhqghu w|sh u vdpsohv vrph frpelqdwlrq
ri 7@E% dqg @E% diwhu %/ dqg dw vrph srlqw wkh ehvw uhvsrqvh iru d vhqghu ri w|sh u
5;
fkdqjhv wr %Wu/ zklfk lv sod|hg lq wkh uhvw ri skdvh 41 Wkxv diwhu skdvh 4 d vwdwh /An'nA ’
E}An'nA c An'nA  lv uhdfkhg/ zkhuh }
%
An'nA ’ E7@E%
c    c 7@E%c @E%c    c @E%/ zlwk dw
prvw &  hohphqwv 7@E%/ dqg %

An'nA ’ Euc    c u1 Qrwh wkdw iru d vhqghu w|sh u/ %
W
u lv
d ehwwhu uhvsrqvh wkdq %/ li wkh uhfrug }%

uhpdlqv xqfkdqjhg ru pruh @E% lv dgghg wr lw1





surfhvv kdv uhdfkhg dq devruelqj vhw fruuhvsrqglqj wr Ohppd 7151
Vlqfh wkh uhfhlyhu gudzv doo srvvleoh uv lq doo rwkhu urxqgv wkdq wkh uvw & urxqgv zkhuh
M lv gudzq/ lw pxvw eh wkh fdvh li % lv sod|hg iru &   pruh urxqgv/ wkhq uhfrug diwhu %
zloo eh }%

’ E@E%c    c @E%/ vr li % lv ehlqj sod|hg e| w|sh M iru pruh wkdq & / wkhq
lw pxvw eh fdvh wkdw % ’ %WM / dqg wkh surfhvv kdv uhdfkhg d vwdwh fruuhvsrqglqj wr dq
devruelqj vhw dv ghvfulehg lq Ohppd 7151 Li wklv lv qrw wkh fdvh/ wkhq e| Ohppd E15 wkhuh
lv vrph vljqdo % *5 i%Wuc %
jc vxfk wkdw vwdwh /2EAn' ’ E}2EAn'c 2EAn' ixooov }
%
2EAn' ’
E7@E%c    c 7@E% dqg %






Euc %c 7@E%/ wkhq wkh surfhvv kdv qrz uhdfkhg dq devruelqj vwdwh fruuhvsrqglqj wr d
vhsdudwlqj htxloleulxp1 Li Euc %Wuc @E%
W
u 	 Euc %
c 7@E%/ wkhq wkh ehvw uhvsrqvh iru erwk
w|shv ri vhqghu lq vwdwh /2EAn' lv qrz %
1 Wkhq zlwk srvlwlyh suredelolw| skdvh 4 dqg 5
duh uhshdwhg rqfh pruh ohdglqj wr d vwdwh /EAn'1 E| uhshdwlqj wkh deryh dujxphqwv/ lw
lv vhhq wkdw li % ru % lv hyhu sod|hg pruh wkdq &  urxqgv/ wkhq wkh surfhvv kdv uhdfkhg
dq devruelqj vhw dv ghvfulehg lq Ohppd 7151 Li qrw/ wkhq vwdwh /EAn' hlwkhu +fdvh+l,,
fruuhvsrqgv wr srrolqj rq vljqdo %Wu ’ %
W
M / ru +fdvh+ll+d,,, wr d vhsdudwlqj htxloleulxp ru
+fdvh+ll+e,,, wkhuh lv vrph vljqdo % *5 i%Wuc %




c    c 7@E% dqg %

EAn' ’ EMc    cM/ dqg %
 lv ehvw uhvsrqvh iru
d vhqghu ri w|sh M
E| uhshdwlqj wklv dujxphqw dw prvw R wlphv lw iroorzv wkdw /REAn' pxvw eh lq rqh ri wkh
devruelqj vhwv fruuhvsrqglqj hlwkhu wr Ohppd 714 ru wr Ohppd 7151 Vlqfh wkhuh fdqqrw eh
vrph %ER *5 i%Wuc %
c %c c %ER3j/ vr fdvh +ll+e,, fdqqrw rffxu diwhu wkh R*wk uhshwlwlrq ri
skdvhv 4 dqg 51
Surri ri Wkhruhp 71:
Lq wklv vhfwlrq zh suryh Ohppd 717 0 Ohppd 719/ dqg wkhq Wkhruhp 71: iroorzv dv h{sodlqhg
lq wkh wh{w1
Surri ri Ohppd 717 Frqvlghu uvw dq devruelqj vwdwh / ’ E}c  fruuhvsrqglqj wr d
vhsdudwlqj VH zkhuh d vhqghu w|sh M*v ehvw uhvsrqvh lv % glhuhqw iurp o1 Wkhq frqvlghu
5<
rqh wuhpeoh e| d vhqghu ri w|sh M vhqglqj vljqdo o/ dqg dvvxph wkdw wkh uhfhlyhu slfnv wkh
ehvw srvvleoh vdpsoh diwhu % Li qrz wkh ehvw uhvsrqvh ri wkh vhqghu lv vwloo %/ hyhq li kh
slfnv wkh ehvw srvvleoh vdpsoh diwhu o/ wkhq wkh surfhvv kdv uhdfkhg d qhz devruelqj vwdwh
fruuhvsrqglqj wr wkh vhsdudwlqj htxloleulxp zkhuh w|sh M sod|v %144 Li wkhuh duh vdpsohv
vxfk wkdw wkh ehvw uhvsrqvh ri d vhqghu w|sh M lv o/ dvvxph wkdw dv orqj dv wklv lv wkh fdvh
hdfk vhqghu ri w|sh M slfnv vxfk d vdpsoh dqg sod|v o1 Wkhq hlwkhu wkh surfhvv zloo uhdfk
d Uloh| vwdwh/ ru lw zloo djdlq uhdfk d vwdwh fruuhvsrqglqj wr wkh vhsdudwlqj htxloleulxp
zkhuh w|sh M sod|v %1
Li wkh surfhvv diwhu wkh uvw wuhpeoh kdv uhdfkhg d vwdwh fruuhvsrqglqj wr wkh vhsdudwlqj
htxloleulxp zkhuh w|sh M sod|v %/ wkhq dvvxph wkdw rqh pruh wuhpeoh e| w|sh M sod|lqj
o wdnhv sodfh1 Djdlq hlwkhu wkh surfhvv zloo uhdfk d qhz devruelqj vwdwh fruuhvsrqglqj wr
wkh vhsdudwlqj htxloleulxp zkhuh w|sh M sod|v %/ ru lw zloo uhdfk d Uloh| vwdwh1 Frqwlqxlqj
wklv/ hyhqwxdoo| wkh ehvw uhvsrqvh ri wkh uhfhlyhu diwhu vljqdo o ehfrphv 7@Eo/ dqg dovr wkh
vhqghu*v eholhi ehfrph }o ’ E7@Eoc c 7@Eo/ dqg wkh surfhvv kdv uhdfkhg d Uloh| vwdwh1
Vr/ wkhuh lv d fkdlq ri devruelqj vwdwhv fruuhvsrqglqj wr wkh vdph vhsdudwlqj htxloleulxp
frqqhfwhg e| mxvw rqh wuhpeoh/ dqg vxfk wkdw dw wkh hqg ri wkh fkdlq rqo| rqh wuhpeoh lv
uhtxluhg wr uhdfk d Uloh| vwdwh1
Wkhq frqvlghu d vwdwh ehorqjlqj wr dq devruelqj vhw dv lq Ohppd 7151 E| xvlqj skdvh 4
dqg vwhs 5 ri wkh surri ri Sursrvlwlrq 716 deryh/ rqh fdq yhuli| wkdw zlwk vwulfwo| srvlwlyh
suredelolw| wkh surfhvv uhdfkhv d vwdwh zkhuh }%
W
M ’ E@E%WMc    c @E%
W
M Qrz xvh wkh deryh
dujxphqw/ frqvlghulqj rqh wuhpeoh e| vhqghu w|sh M sod|lqj o/ dqg wkhuhe| fkdqjlqj wkh
uhfrug dw vljqdo o dqg wkxv ohdglqj wr d qhz devruelqj vwdwh fruuhvsrqglqj wr Ohppd 715
ru wr dq devruelqj vwdwh fruuhvsrqglqj wr wkh Uloh| rxwfrph1
Surri ri Ohppd 718 Dvvxph wkdw wkh surfhvv lv lq dq duelwudu| Uloh| vwdwh / Zh qhhg
wr vkrz wkdw wkh xqshuwxuehg surfhvv diwhu rqo| rqh wuhpeoh e| hlwkhu wkh vhqghu ru wkh
uhfhlyhu dozd|v ohdgv edfn wr d Uloh| vwdwh1 Vxssrvh uvw d vhqghu w|sh u pdgh rqh wuhpeoh
dqg fkrvh d vljqdo wkdw lv qrw ehvw uhvsrqvh/ l1h1 d vljqdo % 9’ %Wu1 Wkuhh fdvhv pxvw eh
frqvlghuhg=
+l, % ’ o1 E| dvvxpswlrq D5/ wklv grhv qrw fkdqjh wkh ehvw uhvsrqvhv iru dq| sod|hu/ dq|
44
Lw lv glhuhqw iurp wkh rujlqdo vwdwh/ vlqfh hlwkhu lw zdv wkh fdvh wkdw $ kdg ku 9@ +K>K> ===>K, dqg
wkhq rqh qhz revhuydwlrq ri d w|sh K fkdqjhg ku/ ru lw zdv wkh fdvh wkdw $ kdg ku @ +K> ===>K, dqg
ju 9@ +d+u,> ===> d+u,, dqg wkhq wkh uhfhlyhu vdpsohg rqo| Kv dqg sod|hg d+u,/ zklfk fkdqjhg ju1 Lw lv qrw
srvvleoh wkdw $ kdg ju @ +d+u,> ===> d+u,,/ vlqfh wkhq {3 zrxog qrw kdyh ehhq ehvw uhvsrqvh iru wkh vhqghu ri
w|sh K1
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vdpsoh/ jlyhq & lv vx!flhqwo| odujh/ vxfk wkdw wkh ehvw uhvsrqvh ri d uhfhlyhu wr d vdpsoh
frqvlvwlqj ri &  revhuydwlrqv ri w|sh M dqg 4 revhuydwlrq ri w|sh u/ lv wkh vdph dv wkh
ehvw uhvsrqvh wr d vdpsoh frqvlvwlqj ri rqo| w|sh M1 Vr/ li qr pruh wuhpeohv rffxu/ wkhq
lq doo ixwxuh urxqgv wkh uhfhlyhu zloo sod| 7@Eo diwhu vljqdo o/ dqg zlwk suredelolw| rqh wkh
surfhvv uhdfkhv wkh vdph Uloh| vwdwh dv ehiruh wkh wuhpeoh1
+ll, % 9’ o/ % 5 f71 Lq wklv fdvh wkh wuhpeoh rqo| fkdqjhv eholhiv diwhu %/ dqg wklv fdqqrw
fkdqjh wkh ehvw uhvsrqvh ri d vhqghu w|sh M/ exw lw pd| fkdqjh wkh ehvw uhvsrqvh ri d
vhqghu w|sh u wr eh % iru vrph vdpsohv1 Li lw grhv fkdqjh wkh ehvw uhvsrqvh iru d vhqghu
w|sh u/ wkhq zlwk suredelolw| rqh vrph vhqghuv ri w|sh u zloo sod| %/ zklfk zloo hyhqwxdoo|
ohdg wr d qhz vwdwh lq zklfk wkh uhfhlyhu wdnhv vrph orz dfwlrq diwhu %/ vxfk wkdw lw lv qr
orqjhu ehvw uhvsrqvh iru w|sh u wr vljqdo %
+lll, % *5 f7 Lq wklv fdvh wkh ehvw uhvsrqvh pd| eh fkdqjhg iru rqh ru erwk w|shv ri vhqghu
diwhu wkh wuhpeoh1 E| Sursrvlwlrq 716/ li qr pruh wuhpeohv rffxu/ wkh surfhvv zloo zlwk
suredelolw| rqh uhdfk dq devruelqj vhw dv fkdudfwhul}hg e| hlwkhu Ohppd 714 ru Ohppd
7151 Wkh uhfrugv }o dqg o duh xqfkdqjhg e| wkh wuhpeoh/ dqg zloo qrw eh fkdqjhg diwhu
wkh wuhpeoh vlqfh lw lv qhyhu ehvw uhvsrqvh iru w|sh u wr sod| o1 Krzhyhu/ zkhq }o ’
E7@Eoc c 7@Eo dqg o lv d vhsdudwlqj vljqdo/ frqglwlrq +5, ri Ohppd 715 fdqqrw eh ixooohg/
vr wkh devruelqj vhw fdq qrw eh dq %W
M
0devruelqj vhw1 Ixuwkhu/ zkhq }o ’ E7@Eoc c 7@Eo lw
zloo qhyhu eh ehvw uhvsrqvh iru d vhqghu ri w|sh M wr vhqg d vhsdudwlqj vljqdo rwkhu wkdq
o1 Vr/ wkh surfhvv pxvw uhdfk d Uloh| vwdwh1
Qh{w vxssrvh wkh wuhpeoh zdv pdgh e| d vhqghu ri w|sh M fkrrvlqj d vljqdo % glhuhqw
iurp o1 Djdlq wkuhh fdvhv pxvw eh frqvlghuhg=
+ly, % ’ %W
u
1 Dv lq fdvh +l, deryh wklv zloo qrw fkdqjh dq| ehvw uhvsrqvhv surylghg & lv
vx!flhqwo| odujh/ vr wkh surfhvv zloo zlwk suredelolw| rqh jhw edfn wr wkh ruljlqdo Uloh|
vwdwh1
+y, % 9’ o/ % 5 f71 Wklv lv vlplodu wr fdvh +ll, deryh1
+yl, % *5 f7 Wklv lv vlplodu wr fdvh +lll, deryh1
Ilqdoo|/ frqvlghu wuhpeohv e| wkh uhfhlyhu1 Wkrvh fdq rffxu rqo| iroorzlqj wkh vljqdov vhqw
lq htxloleulxp/ %W
u
dqg o/ vlqfh wkh vhqghu grhv qrw wuhpeoh1 Dv lq fdvhv +l, dqg +ly, deryh/
li & lv vx!flhqwo| odujh/ wkhq rqh vxfk wuhpeoh lv qrw vx!flhqw wr fkdqjh wkh ehvw uhvsrqvh
ri dq| w|sh ri vhqghu/ vr zlwk suredelolw| rqh wkh surfhvv zloo jhw edfn wr wkh ruljlqdo Uloh|
vwdwh1
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Surri ri Ohppd 719 Dvvxph wkhuh h{lvwv W 5 X2 zlwk plqlpdo wrwdo uhvlvwdqfh1 Ohw
C eh wkh plqlpdo W 0 wuhh1 E| dvvxpswlrq wkhuh h{lvwv d sdwk/ {/ iurp 
W wr  zlwk
uhvlvwdqfh  iru hdfk wudqvlwlrq dqg zkhuh  5 X1 Ghqrwh e| - wkh vhw ri vhwv dorqj {1
Ixuwkhupruh wkhuh lv d eudqfk lq C iurp  wr W Ohw  eh wkh odvw vhw lq X uvw wlph
dorqj wklv sdwk wkhuh lv wudqvlwlrq iurp d vwdwh lq X wr d vwdwh lq X21 Ohw -2 eh wkh vhwv
dorqj wkh sdwk/ {2/ iurp 
 wr 1
Zh fdq qrz frqvwuxfw d 0wuhh/ iru doo vhwv lq +- ^-2,S mxvw xvh wkh vdph wudqvlwlrqv dv
lq C1 Iru vhwv lq -q xvh wkh sdwk { dqg iru vhwv lq -2q xvh wkh sdwk {2
Wkxv iru doo vhwv glhuhqw iurp W dqg  wkh uhvlvwdqfh lv ohvv ru htxdo dv wkh rqh lq C/
dqg vlqfh wkh hgjh jrlqj rxw ri  +lq C, kdv uhvlvwdqfh dw ohdvw 5 dqg wkh hgjh jrlqj
rxw ri W kdv uhvlvwdqfh 4 wkh wrwdo uhvlvwdqfh iru wkh 0wuhh lv vwulfwo| ohvv wkdq wkh wrwdo
uhvlvwdqfh iru C/ zklfk lv d frqwudglfwlrq dqg wkh uhvxow iroorzv1
Wkh wkhruhp dovr krogv zlwkrxw wkh dvvxpswlrq wkdw wkh uhfhlyhu dozd|v wdnhv d udwlrqdo
dfwlrq +hyhq li kh wuhpeohv,1 Rplwwlqj wkh dvvxpswlrq pdq| pruh devruelqj vhwv zloo
hphujh1 Lq hdfk ri wkrvh qhz vhwv dw ohdvw rqh uhfrug zloo frqwdlq d qrq0udwlrqdo dfwlrq
iurp wkh uhfhlyhu/ vd| }%

 Krzhyhu rqh wuhpeoh dw wkh wlph iurp wkh vhqghu vhqglqj %
+zlwkrxw dq| wuhpeohv iurp wkh uhfhlyhu, zloo ohdg wkh surfhvv wr dq devruelqj vhw zkhuh
}%

rqo| frqvlvwv ri udwlrqdo dfwlrqv/ dqg wkxv iurp dq| ri wkhvh qhz devruelqj vhwv/ wkhuh
h{lvwv d fkdlq ri rqh0wuhpeohv e| wkh vhqghu vxfk wkdw wkh surfhvv hqgv xs lq dq devruelqj
vhw ixooolqj wkh dvvxpswlrq1 Wkh wkhruhp qrz iroorzv iurp Ohppd 71707191
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Htxloleuld lq Jdphv/ Hfrqrphwulfd/ 94/ 5<0891 +NPU,
^48‘ Nrkoehuj H1 dqg M10I1 Phuwhqv +4<;9,/ Rq wkh vwudwhjlf vwdelolw| ri htxloleuld/ Hfrqr0
phwulfd/ 87/ 43360436:1
^49‘ Plojurp/ S1 dqg M1 Urehuwv +4<;5,/ Olplw sulflqj dqg hqwu| xqghu lqfrpsohwh lqiru0
pdwlrq= Dq htxloleulxp dqdo|vlv/ Hfrqrphwulfd/ 83/ 776078<1
^4:‘ Qøoghnh/ J1 dqg O1 Vdpxhovrq +4<<:,/ D g|qdplf prgho ri htxloleulxp vhohfwlrq lq
vljqdoolqj pdunhwv/ Mrxuqdo ri Hfrqrplf Wkhru|/ :6/ 44;04891
^4;‘ \rxqj/ K1S1 +4<<6d,/ Wkh Hyroxwlrq ri Frqyhqwlrqv/ Hfrqrphwulfd/ 94/ 8:0;71
^4<‘ \rxqj/ K1S1 +4<<6e,/ Dq Hyroxwlrqdu| Prgho ri Edujdlqlqj/ Mrxuqdo ri Hfrqrplf
Wkhru| 8</47809;1
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